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From the inversion theorem we then have

o) _ 1
b,  2m

y /"H—z‘w gtz{Kl[(z/a)1/2Ro]Io[(Z/a)1/2T] -+ ]1[(z/a)1/2R0]K0[(z/a)1/27“]} dz
v—ie 2{BalG/0) PRITol(z/a) PR + Til(e/@) PRIKol(e/a) PR}

(7-325)

Although (z/a)'/? is double-valued, say p'/%e*""/2 it can be shown by re-
lating the modified Bessel functions to the Bessel functions through the repeated
use of Kgs. (3-144) and (3-145) that the integrand of Eq. (7-325) is single-
valued. The only singularities of the integrand are the simple poles correspond-

ing to 2 = 0 and to 2 = —a)Z, where \,, satisfies
Vi Ro)IoMuR) — J1(MBy) YoM R:) = 0. (7-326)
Then Contour I gives
o(r, ) _ N 2 _
5 = Res (0) + nz:jl Res (—ald). (7-327)

The residue at z = 0 ist

Res (0) = 1. (7-328)
The residue at z = —a\2 may be obtained from Eq. (7-305) of Example 7-15,
namely,
2
Res (—a)l) = — L) (7-305)

—an(dQ/d2) = —arz

provided P and @ are respectively assumed to be equal to the numerator and to
the term in braces in the denominator of the integrand of Eq. (7-325). Here
dQ/dz may be evaluated most conveniently in terms of the variable ¢ = (z/a) /2.
The result is

0 (20)% = |- RKyaRIToR) — L Ka@RI TR
+ RiK1(gRo)[1(gR:) 4 Rolo(qRo)Ko(gR:)

1 1
— 511@30)}{0(4{31‘) - Ri[1(qRo)K1(9Ri)] SO LER
(7-329)

Now, relating the modified Bessel functions to the Bessel functions, inserting

T First note from Section 3-7 that for small arguments Io(z) ~ 1, [1(z) ~ 2/2,
Ko(z) ~ —Inz, and K1(2) ~ 1/z; then take the limit by letting 2 — 0.
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1/2

i\, in place of ¢ = (2/a)''?, then simplifying the result by means of Eq. (7-326),

we have from Eq. (7-329)

a9 = TR, Y 6B To(MmR:) — RoJo(MnRo) YoOAnRy)
dz 2=—al\2 2

_..__.1 -
2ia\,

(7-330)

— RY1(wR)J1(ME) + RiJ1(AMRo)Y1(MR3)]
Similarly,
P(=aA}) = i 5 ™Y1 0R)To(r) — J10WR) Yoar)].  (7-331)

Finally, the use of Egs. (7-330) and (7-331) in Eq. (7-305), and the result to-
gether with Eq. (7-328) in Eq. (7-327) gives

%0 —a)\zt _
0(r, ) —1_9 e (Y1 Ro)Jo(Nar) J1(AuR0) Y o(Anr)] , (7-332)
B0 = (MBo) Ag(Ro, Bi) — (MaR:) Ar(Ro, Ry)
where

Bo(Bo, B:) = YoAaBo)JoMaBi) — Jo(MuRo) Yo (M Ri),
A1(Boy B) = ViR 1R — J1(MRo) Y1 (MuR:).

Since the well-known transformation 8(r, {) = ¢(r, t)/r [see Tq. (5-60)] re-
duces the problems of one-dimensional spherical geometry to those of cartesian
geometry, examples illustrating spherical geometry are not considered here. T

In the next two examples we demonstrate the use of the inversion theorem
in two-dimensional geometry.

Example 7-20. Let us find the solution of Example 5-11 by means of the
inversion theorem.
The formulation of the problem, taken from Example 5-11, is

8 8% %6
G=eGeras) Guo=0 wmn-o wwun=u
(5-71)
98(5,0,8) _ _
5 =0 Ly =0.
The transformation of Eq. (5-71) gives
88, 9%% . - ~ 8o
YE] @_qﬁ—O, 0(0,y, p) = 0, B(L,y,p)——z;’ |
- (7-333)
PELD — o, a1, =0

T See, however, Problems 7-28, 7-29, and 7-30.
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Note that the use of Laplace transforms reduces the formulation of a multi-
dimensional problem, a partial differential equation, to another partial differ-
ential equation involving one less independent variable, rather than to an
ordinary differential equation as in one-dimensional problems. The solution
of this transformed formulation requires further considerations. Equation
(7-333), for example, may be solved by the separation of variables in a manner
similar to steady problems of two-dimensional cartesian geometry.f The steps
of the solution of Eq. (7-333) by the separation of variables, being trivial at
this point, are not given. The result is

n 2 2 1/2
¢ O l)s1nh()\n—|~q) 21,
where A\l = @n + Dw/2, n = 0,1,2,... Then from the inversion theorem
we have
e(g D _ o< 1 (" o sinh A2 + 2/0)"%
) ?/, [27”/ 3 dz} cOS ApY.
n—0 v—i» zginh (A2 + z/a)'/?L

(7-335)

The only singularities of the integrand of Eq. (7-335) are the simple poles
corresponding to z = 0 and to

02+ 2/ = dum  or 2= —a(\} + ph),

where un,L = mm, m = 1,2, 3,... It follows then from Contour I that

o(z, U0 _ i 1)n Res (0) Z Res [—a(\2 + u2)]f cos Auy.

(7-336)
The evaluation of residues is straightforward. The result is
_ sinh g ]
Res (0) = SmhnL (7-337)

o (D) (L)~ MR

Res [—a(A2 + un)] = NNy

sin W, . (7-338)

t This, of course, implies the existence of a more general method of solution, the suc-
cessive use of two or more solution methods which are separately known to exist. A
full discussion on this matter requires further background on the transform calculus
and other solution techniques, and hence is beyond the scope of the text. See, how-
ever, Problem 7-14, involving the successive use of Laplace transforms.



[7-9] SOLUTIONS OBTAINABLE BY THE INVERSION THEOREM 411

The use of Eqgs. (7-337) and (7-338) in Eq. (7-336) gives finally

6(57 Y, t) < ( l)n sinh )\nf
Z sinh h,I, ) 08 MY

0 0 L -—-a()x,%-i—p,i)t .
Z Z n+m ( ) 6\-2—‘—‘2‘—)‘22‘ SNty € COS Ay, (7-339)

which is identical to the result of Example 5-11, the sum of Eqgs. (4-123) and
(5-80).

We now have obtained the solution of Example 5~11 both by the separation
of variables and by the sucecessive use of Laplace transforms and separation of
variables. The importance of the latter procedure will become evident in the
next example, for which the former method is not suitable (why?).

Y

=

i |

£

I

b \O FIG. 7-25

Example 7-21. Let us reconsider the previous example, assuming now that
the geometry of the problem extends to infinity in the z-direction.f We wish
to find the unsteady temperature of the fin.

The formulation of the problem in terms of the coordinate system shown
in Fig. 7-25 is

2 2
(zq = a (a—g + a_g) ! B(T,, Y, O) = 0) 0(0, Y, t) = 00, 0(00; Y, t) = 0;

ot dx2 = 9y2
(7-340)
‘39%0—’” —0, 010 =0
The transform of Eq. (7-340) is readily found to be
8%9 0’0 2— . - _ b = .
62)2 _|_ ayz 6 = O; 6(01 Y, p) - P ’ 0(00’ Y, p) =0,
(7-341)
90, 0,p) _ 9 1 p) —
ay - 0) 0(7“7 l; p) - 0

T As ¢t — o the problem approaches Example 4-2.
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Proceeding as in Example 7-20, and applying the separation of variables to
Eq. (7-341), we get

] R O
0(90; y) p) Z )\ l)) cos )\ny, (7_342)
where M\l = @2n + 1)w/2, n = 0,1,2,... The inversion theorem is not

needed for the inversion of Eq. (7-342). In fact, TP(28) appropriately com-
bined with TP(IV) and TP(VI) gives

0z, y, 1) _ (— [/ ( 72 )1/2 —(aNEr4z? ] dar) d_q-] 3
b6 = 7,.1/2 Z O l) dar 4 | cos My, (7-343)

This example completes our study of the exact solution of unsteady problems
by Laplace transforms. The next section is devoted to approximate solutions
that are valid for either small or large values of time and that are obtained by
considering the appropriate series expansions of the transformed solution. The
methods to be developed are general, and may be applied to suitable space
variables as well; cases of the latter however, occur less frequently than expan-
sions in time.

7-10. Solutions Valid for Small or Large Values of Time

For small values of time the series solutions of unsteady transient problems,?
obtained in Chapter 5 by the separation of variables and in Section 7-9 by the
inversion theorem, are usually slowly convergent and not suitable for numerical
computations. Thus, although these solutions can conveniently be used for
large values of time, it becomes necessary to supplement them by other solu-
tions which converge rapidly for small values of time. Furthermore, as illus-
trated by Example 56, the method of separation of variables is not suitable to
unsteady periodic problems, and the method of complex temperature given in
Chapter 6 is useful only for steady periodic solutions. In this section we employ
Laplace transforms to find solutions valid for small or large values of time, and
transient periodic solutions. Actually, transient periodic solutions could have
been obtained in Section 7-9 by the inversion theorem; the reason for leaving
these solutions to this section is that their steady part is best explained in terms
of solutions valid for large values of time.

Thus the present section is devoted to a systematic study of solutions con-
venient for small or large values of time. Despite their convenience, the basic
concept behind these solutions is surprisingly simple; it amounts to an appro-
priate series expansion of the transformed solution in terms of the Laplace

T Refer to Fig. 5-1 for the classification of unsteady problems.



[7-10] SOLUTIONS FOR SMALL OR LARGE VALUES OF TIME 413

transform parameter p. To explain the point further, let us first consider the
definition of Laplace transforms,

L0y =Tw) = [ " o) dt, (7-4)

and note the fact that p is, generally, a finite parameter which may be restricted,
depending on the particular function f(#) under consideration. Next, by inter-
preting Eq. (7-4) as an ordinary integral having a finite integrand, we conclude
that the product pt must be finite. Therefore

small { — large p,
large ¢ — small p.

Consequently, the expansion of the transformed solution of a problem into a
convergent series of ascending powers of 1/p or p, and subsequent term-by-
term inversion gives a solution useful for small or large values of time, respec-
tively. Whenever convenient, the same concept may of course be applied to
generalized expansions in terms of 1/f(p) or of g(p), where f(p) and g(p) both
are increasing functions of p, to be determined according to the particular
problem in question. These expansions are demonstrated below by a number of
examples.

L. Solutions useful for small values of time. Let us start with the lumped
formulation of a problem. Assume that the transformed solution T'(p) of such
a formulation can be expanded into a power series in the form

T(p) = i‘ fn
n=1

The direct use of the inversion theorem or TP(3) readily gives the inversion of
Eq. (7-344) as

: (7-344)

’EIS

o n—1
T() — ; (7“’”_—1), (7-345)

It is clear that Eq. (7-345) converges rapidly for small values of time. Since
the transformed solution of lumped problems always has the form of a rational
function of p, it can always be expanded into a convergent series like Eq. (7-344),
leading to a solution in the form of Eq. (7-345).

Example 7-22. Let us find a solution of the lumped formulation of Example
2-2 useful for small values of time.
According to Example 2-2 the lumped formulation of the problem ig

arT

ch E

= (T — T.) + w"L, (2-149)

T(0) = T.. (2-147)
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Simplifying Eqs. (2-147) and (2-149) in terms of § = T' — T, then taking
their transforms, we obtain

5lm) — v _
0(p) = 2o )’ (7-346)

where m = h/pcL and n = w'"/pc. Equation (7-346), first rearranged, then
expanded in powers of 1/p, gives

m m

i) = — <i_4+_j_...>. (7-347)
PP= @t mpy ~ "\p2 " P pt

Finally, term-by-term inversion of Eq. (7-347) yields a rapidly converging
solution for small values of time in the form

T®) — To _ Loz Lo s _
“WLTH —mt—zl(mt) —{—3!(mt) (7-348)

Note that Eq. (7-348) is the Maclaurin expansion of the complete solution given
by Eq. (2-150).

For distributed problems over a finite region, the transform solutions con-
tain hyperbolic or cylindrical (Bessel) functions of (p/a)/? or more complicated
arguments. These solutions can more conveniently be expanded in series of
negative exponentials rather than in powers of 1/p. Then term-by-term inver-
sion gives solutions valid for small values of time in terms of exponentials and
error functions rather than in powers of ¢.

For cartesian geometry the foregoing method usually yields one or the other
of two types of solutions, depending on the boundary conditions of the problem.
(i) For simple boundary conditions, such as prescribed temperature or pre-
scribed heat flux, all terms of the expansion have simple coeflicients, leading to
solutions which are useful for all values of time and not merely for small values
of time. (ii) For more complicated boundary conditions, such as heat transfer
to the ambient by convection, the coefficients of the expangsion are progressively
more and more complicated functions of negative exponentials, so that only the
inversion of the first few terms can be obtained. The resulting solutions are
therefore useful only for relatively small values of time. For other geometries
even the simplest boundary conditions yield series of progressively more com-
plicated terms. Solutions thus obtained are again valid for only relatively small
values of time.

Example 7-23. Let us find a solution of Example 7-10 useful for small values
of time.

The solution of the transformed formulation may be taken from Example
7-10. Thus

6(xz,p) 1 coshgx (7-248)

o p  peoshql’



[7-10] - SOLUTIONS FOR SMALL OR LARGE VALUES OF TIME 415

Expressing the hyperbolic functions in terms of exponentials, we obtain from
Eq. (7-248)

Oa,p) 1 _ e+ (7-349)
b0 P opett 4 e7h

Further rearrangement of Eq. (7-349) by factoring the denominator of the sec-
ond term on the right by ¢?% gives

b, p) 1 e 4 7"
T T e e (77550
pe’(1 + e 717)
Noting that
L 3 (e, (7-351)

1-- e_2qL n=0
we may write Eq. (7-350) in the form

6z, p) _
o

-2

n=0

©

(;pl)_" (e~En+DI—zl | ¢ml@n+DItziay (7-352)

Q=

Then the successive use of TP(30) readily gives the inversion of Eq. (7-352) as

Tt = oy SN gy {erfc [(2" +1) — x/L]
=0

Ty — To 2(at/L2)1/2

2 1 e/ L
— erfc [( HQ&}J;—TQJ}} . (7-353)

Equation (7-353) is convergent for all values of time. When the dimension-
less number, the so-called Fourier modulus Fo = at/L? is less than 1 only the
first two or three terms of Eq. (7-353) are needed for four-place accuracy; the
other solution of the problem, given by Eq. (5-10), would require the considera-
tion of hundreds of terms for the same order of accuracy.t On the other hand,
for large values of Fo Eq. (7-353) is slowly convergent, yet the first few terms
of Eq. (5-10) provide a sufficiently accurate answer. Thus for numerical com-
putations Eqs. (5-10) and (7-353) complement each other, one being suitable
to small values of time and the other to large values of time.

Example 7-24. Let us find a solution of Example 7-11 valid for small values
of time.
According to Example 7-11 the solution of the transformed formulation is

b, p) 1 cosh gz .
80 p  pleosh gL + (k/h)qsinh gL]

(7-257)

T Equation (5-10) is also convergent for all values of time.
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Equation (7-257) may be expressed in terms of the exponential functions to give

a qx —qzx
fap) 1 ¢ te . (7-354)

1
o P pl(e 4 e=E) + (b/h)g(e?t — ¢E)]

Now, factoring the bracketed portion by e?” and rearranging, we obtain

0(%‘ p) l e—(L—x)q + e——-(L+x)q . .
fo p  pl( + gk/B) -+ (I — qk/h)e—24L] (7-355)

Finally, factoring the bracketed terms of Eq. (7-355) by (1 - ¢k/h), we get

Oz, p) 1 ¢TI 4 e , (7-356)
80  p p(l+ gk/WI + (1 — gk/h)e=2eL/(1 + qk/h)]
and noting that
1 -1 <1__qk/h>e-—2qL+___’
L+ (1 — gk/h)e=2aL/(1 + gk/h) 1+ gk/h
we may further rearrange Eq. (7-356) to give
Q(T P) £ _ __h/lC [~ (L= —(L+x)q
b p kT D e
4 (h/k)(h/k — q) e —(8L—x)q + e—(3L+x>q] 4+ ... (7-357)

p(h/k + )2

Employing TP(1) and TP(37) we get the inversion of the first two terms of
Eq. (7-357) in the form

T@,t) — Tw _ 1 — z/L 1+ z/L
T, — T, T =1 {‘”’f" [2<at/L2>1/2] + erfe [%;/szg]}

(hLikY(1—5/ L)+ L k2@t /L2 hL\ ( at 1/ 1 —z/L }
e erfe [< k)(Lz NECIBEE

(LI +a] Ly +(hL/k)Eat) L?) hL 1z 1+z/L ] .
T erfe [( P ) (L) PICIR T

(7-358)

Because of the boundary condition given by Eq. (7-256), the terms of
Eq. (7-357) become progressively more complicated algebraically. Conse-
quently, we have considered the inversion of only the first two terms of this
equation, and hence Eq. (7-358) is valid for relatively small values of time only.

The next example, taken from cylindrical geometry, demonstrates that even
the simplest boundary conditions employed with this geometry result in series
having progressively more complex terms.
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Example 7-25. Let us find a solution of Example 7-16 useful for small
values of time.

The solution of the transformed formulation may be taken from Example
7-16. Thus

8,p) _ 1 Io(gr) _
b0  p  ply(gR) (7-301)

Remembering that small values of time correspond to large p (or ¢), we employ
the asymptotic expansions of I,(gr) and I 0(qR) [see Eq. (3-156)], and obtain

r,p) _ 1 [e"/Cmgr) 11 + 1/8¢r + 9/128¢%2 4 - - ) _
6~ p plesB/@mqR) 21 + 1/3¢R + 9/128¢R% . )

(7-359)

Dividing the numerator by the denominator, we may rearrange Eq. (7-359) in
the form
§(r,p) = e 9E-D n R —r © 9R® — 2Rr — 7r?
b  (r/R)U2p 8 Rrg 128 R2r2g2
The use of TP(30), TP(31), and TP(32) in Eq. (7-360) gives

T(r,t) — T _ 1 1—7r/R
To — T, — (/R [2(at/R2>1/2J

+ - ) - (7-360)

(1 — r/R)(at/R*'? .erfc[ 1—7/R ]

+ 4(r/R)3/2 Sl R
+ 32(r/R)5/2 <7€§) ® erfe [TM/_RE)IT 4,

(7-361)

w0

where 7erfcx = f, erfc £d¢ and 22erfecg = f: terfc £dg.  Since we have
used the asymptotic expansion of the Bessel functions in Eq. (7-359), the
validity of Eq. (7-361) for small values of time must be so restricted that r/R
1s not too small, and ¢r always remains large (see Problem 7-38).

Again, the problems of spherical geometry are not considered because they
may be reduced to those of cartesian geometry by the transformation 6(r, {) =
w(r, O)/r.

Since the solutions obtained by the separation of variables or by the inver-
sion theorem converge rapidly for large values of time, and those obtained by
the expansion of the solution of the transformed formulation in powers of 1/p
converge rapidly for small values of time, the simultaneous use of both types
of solution would be convenient and sufficient for numerical investigation of our
problems. It remains to be determined, however, what happens when we ex-
pand the solution of a transformed formulation in powers of p rather than in
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powers of 1/p. We know, of course, that the new solution would be valid for
small p — large t. What we are interested in is the availability of this solution;
this will be discussed next.

2. Solutions useful for large values of time. First, three illustrative examples
are worked out; later the procedure is generalized.

Let us reconsider Example 7-22, and the solution of its transformed
formulation

Bp) — — " . _
8(p) = o ) (7-346)

Equation (7-346) can be readily expanded in powers of p in the form

o) = _n(l L. p PN o

5B = o pim) = m(p m T mE T ms T (7-362)
Noting that all terms of the series of Eq. (7-362) except the first one are analy-
tic, we get immediately from the inversion theorem

T@#) — To = n/m = w'"L/h,

which is the steady solution of the problem. Hence in place of an asymptotic
solution, which would give the behavior of the present problem for large values
of time, we obtained the asymptote, namely, the steady solution itself.

Second, let us reconsider Example 7-10, whose transformed solution is

o p pcoshgLl’

0(x, p) _1 cosh gz (7-248)

Now, expanding the numerator and the denominator of the second term on the
right-hand side of Eq. (7-248) in powers of ¢ (or p), we have

6z, p) _ 1 1+ ¢%?/2) + glat/al + - -

6 p p(L+ @L21 + *LA/4T+ -+ ) (7-363)
Equation (7-363) may be rearranged in the usual manner to give
6@, p) 1 ;o oo P 2 _ovr2 1,72 2 =
TP = g, P = a) — by (P — L — P N (7364

Since all terms of Eq. (7-364) are analytic, the inversion theorem yields readily
[Tz, t) — Tol/(T9g — Tw) = 0, which again is the steady solution of the prob-
lem. -

In fact, term-by-term inversion of the expansion of the transformed solution
in powers of p gives the asymptotet rather than the asymptotic behavior for

T Some problems do not have a steady solution. In this case the asymptote implies
the form of the solution as ¢ — . See Example 7-13.
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all lumped problems, and for all distributed problems that are solvable by Con-
tour I of the inversion theorem. Remember that Contour I applies to problems
whose transforms do not possess any branch points, that is, to problems whose
geometry is finite in their orthogonal directions; these problems are also solvable
by the separation of variables. However, for distributed problems whose trans-
formed solutions do possess branch points, that is, for problems whose solutions
may be obtained by Contour II of the inversion theorem, the expansion of the
transformed solution in powers of p and term-by-term inversion of the result
gives the asymptotic behavior, rather than the asymptote. Let us illustrate
this point by the following example.

Example 7-26. Let us find a solution of Example 7-3 valid for large values
of time.
The solution of the transformed formulation of the problem may be taken
from Example 7-3,
ba,p) 11 g4
— == — — T 7-51
bo p p ( )

Expanding the second term on the right-hand side of Eq. (7-51) in powers of
g, we obtain

B(z,p) = T px4+p

0o alf2pli2 21 " 31231 241" o821

3/2x5

(7-365)

Eliminating its analytic terms, we may readily find the inversion of the remain-
der of Eq. (7-365) by TP(4), TP(8), and TP(9). The result is

T, t) — Tw 1 [[2%\'? 1 (232 3 [2%\*?
Ty — Ta :wuz[(a) _2-3z<3> +4-5!<&> ‘]

(7-366)

Thus, by contrast with the first two examples, we obtained the asymptotic be-
havior rather than the asymptote of our problem for large values of time.

We may now generalize the results of the foregoing three problems. Let the
solution of the transformed formulation of a problem, say T'(r, ¢), be T(r, p), r
being the position vector. If T(r, p) has a number of singularities, an asymp-
totic expansion of T'(r, t) can be deduced from the behavior of T(r, p) near its
singularity with largest real part.] Suppose this singularity to be at P = Yo,

T It should be remembered that these problems cannot be solved by the separation of
variables and the Fourier series (or the functions orthogonal over a finite interval)
of Chapters 4 and 5. Only a few simple cases may be solved by these methods, and
the procedure is somewhat elaborate even for simple problems. See, for example,
Example 7-8.

I Note that relative to the possible roots on the negative half (most probably on the
negative real axis) of the complex plane, p = 0 is the singularity with largest real
part involved in the series expansions of the transforms of the last three examples.
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where Yy < 7v.t Then assume that 7T'(r, p) can be expanded near p = 7Y, in the
form

o0

T, p) = 3 an®(p — 70"+ ( — 701 3 b®® — 70)",

n=0 n=0

(7-367)

where 0 < 8 < 1. All terms of the first series of Eq. (7-367) except the first
term are analytic and do not contribute to the solution. The inversion of the
first term of the first series gives the asymptote of the problem. This asymptote
plus the inversion of the second series and its rearrangement by the well-known
property of the Gamma functions I'(»)I'(1 — ») = 7/sin 7», where v may be a
noninteger, give the asymptotic behavior of T'(r, t) for large values of time in
the form

T(r,t) = ¢ [ao(>+sm 7"‘*2( 1)"bs <r>r<n+ﬁ>t—<"+‘*>] (7-368)

If there are several singularities with the same real part, there must be a
term of the type found in Eq. (7-368) corresponding to each of them.

The most frequent special case of Eq. (7-367) corresponds to ¥o = 0, for
which Eq. (7-367) becomes

Ta,p) = 3 a@p + 913 by, (7-369)

n=0 n=0

and then Eq. (7-368) yields

T(r,t) = ag(e) + 227P i (1B @T(n + B, (7-370)

Furthermore, if 8 = %, Eq. (7-369) is reduced to

0

T(r,p) = , a.®p" " + i ba(mp" 2 (7-371)

n=0 n=0
and Eq. (7-370) gives

T(r,8) = aolr) + W—}/E i (—1)"balr)(n — 3)( IRREE A
n=0

(7-372)

Since the second series of Eq. (7-369) is zero for the first two examples, only
the asymptotes of these examples are obtained rather than their asymptotic

T See Fig. 7-20 for the definition of 7.
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behaviors. On the other hand, Eq. (7-365) of the third example may be re-
arranged in the form of Eq. (7-371), which implies the existence of a solution
giving the asymptotic behavior of the problem,

3. Periodic solutions. In Chapter 5 our attempt to solve problems subject
to periodic disturbances by the separation of variables led us to a somewhat
involved procedure. Despite the complexity of the procedure, we were able to
obtain only the steady part of the periodic solution of a simple problem such as
Example 5-6. Then in Chapter 6 we learned a convenient procedure for getting
the steady solution of periodic problems, namely, the method of complex tem-
perature; however, the complete solution of periodic problems has not yet been
treated. Here we discuss the complete solution of these problems by the inver-
sion theorem, and interpret their steady (periodic) part by means of their asymp-
totic behavior. Since no new concept is needed, these problems may best be
explained by a couple of illustrative examples. First, however, let us note that a
term (residue) contributed to the solution of a problem by a simple pole may
be interpreted in physical terms by considering the location of this pole on the
complex plane. The residue evaluated at a pole by Eq. (7-229) may depend on
time only through the exponential term ¢’ of the inversion theorem; therefore,
interpreting e** by the location of a pole, we may draw the following conclusions
when a problem under consideration has a simple pole: (a) at the origin, the
contribution of this pole to the solution of the problem is a steady term; (b) on
the negative real axis, the contribution is an exponentially decaying term; (c) on
the imaginary axis, the contribution is a periodic term with constant amplitude ;
(d) on the negative half containing parts both on the Imaginary and the negative
real axes, the contribution is a periodic term with decaying amplitude.

Example 7-27. Let us find the complete periodic solution of the problem of
Example 5-1 by the use of the inversion theorem.
The formulation of the problem is

g—? + mf = n cos wt, (5-1)

6(0) _ 0. (5-2)

The solution of the transformed formulation may readily be obtained in the
form

F(p) — np ) _
o) = (p + m)(p? + w?) (7-373)

Inserting Eq. (7-373) into the inversion theorem, we find that the solution is

o) 1 [T = g
AL / 20 _az . (7-374)
n 2T Jy—iw (2 + m) (22 + w2)
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The integrand of Eq. (7-374) has simple poles at 2 = —m and at 2 = +iw.
Thus from Contour I we have
G(t)
= Res (—m) + Res (Fiw). (7-375)
The residue at z = —m is
me™ "™
ReS (—m) = — (Wl—zm)

and the residues at 2 = +1w are

twt —twt

(4 e

Res (’LO)) = %Tz—w)’ Res (—zw) = 2(m :w .
Using these results in Eq. (7-375), we obtain the previously found solution
T — Tw _ m L mPe™ R
wim BRCEETOLE cos (wf — o) e F o5 a = tan™" (w/m).

(5-3)

As we have learned, the asymptotic behavior of Eq. (5-3) may be deduced
from the behavior of Eq. (7-373) near its singularities with the largest real part,
that is, near the two poles on the imaginary axis, 2 = Ziw (Fig. 7-26). Thus
the first term on the right-hand side of Eq. (5-3), corresponding to the sum of
the residues at z = -£<w only, is periodic with a constant amplitude, that is, it
constitutes the steady part of the complete periodic solution.

Finally, let us consider the complete periodic solution of Example 5-6, which
has been avoided so far.

Example 7-28. Let us find the complete periodic solution of Example 5-6
by the inversion theorem.

The formulation of the problem may be taken from Example 5-6. Thus

g — ag%g, (5-35)
oz, 0) = 0, (5-36)
6(0, ) = B¢y cos wi, (5-37)
6(c0, t) = 0. (5-38)
The solution of the transformed formulation is
Bz, p) _ _pe ™ (7-376)

80 (P + w2’
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FIG. 7-26 FIG. 7-27

and the inversion theorem gives

Y+ o0 _ 1/2
0(x, ) 1 zeté—(#l0 P

00 = 2—7T'Z Y i _F + w2) dZ (7—377)
The integrand of Eq. (7-377) has a branch point at z = 0 and two simple
poles at z = 44w (Fig. 7-27). Thus from Contour II and Eq. (7-236) we have

1/2
6(z, ) . . ze'* I e
—— = Res () + lim ———dz
00 ( ) p—0 JCp (z2 + O)2)
1 '/°° pe~P[ielo %z e—i(p/a)‘”x]
- dp. ~
omi Jy o7+ o9 P (1-378)
The residues at z = =44w are
RGS (zw) — %eiwt-(l-}—i)(w/Za)sz Res (—zw) — %e—iwt—(l—i)(wma)l/z:c
\ .

The sum of these residues,
Res (iw) + Res (—iw) = =29 605 [ — (4/2a)1/%y, (5-44)

is the steady part of the solution. Since its integrand approaches zero as
p(or z) — 0, the integral around the small circle C, vanishes,

Employing these results in Eq. (7-378), and expressing the last integral of
this equation in terms of a circular function, we obtain finally

0@, 0 _ —wizarin _ ey 1 / " pe=" sin (p/a) "%
By = e cos [wi (w/2a)"'%z] = 2 T w?) dp.

(7-379)

The integral involved in Eq. (7-379) cannot be integrated explicitly ; a numerical
integration procedure may be employed for its parametric study.
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FIG. 7-28 *© FIG. 7-29
hoy T

*  FIG. 7-30
Problems

7-1. A semi-infinite solid is suddenly subjected to the radiant heat flux ¢'/ acting
at a distance (Fig. 7-28). Initially the solid is at the ambient temperature. The heat
transfer coefficient between the solid and thie ambient is 4. Find the unsteady tempera-
ture in the system.

7-2. Find the unsteady temperature in the problem of Example 3-9 corresponding
to a sudden change in the base temperature from 0 to Bo.

7-3. An infinite medium is composed of two semi-infinite solids having different
diffusivities, say a; and a9 (Fig. 7-29). The initial temperature of the system is uni-
form; then the interface suddenly assumes the heat flux ¢’ !, which may result from an
electrically heated plate of negligible thickness. Find the unsteady temperature in
the solids.

7-4. A fluid at temperature 7T, is suddenly poured over a semi-infinite solid at
temperature T,. Assume that the fluid instantaneously becomes a thin layer of thick-
ness 6 covering the entire surface of the solid (Fig. 7-30). The heat transfer coefficient
between the fluid and the ambient is ho. Find the unsteady temperature in the system,
assuming that the heat transfer coefficient h; between the fluid and the solid is (a) in-
finite, (b) finite.
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Insulation

o

FIG. 7-31 FIG. 7-32

7-5. A thin layer of fluid having the thickness 8, velocity V, and temperature T'o
attaches to a semi-infinite solid at a point, and thereafter flows over the solid (Fig.
7-31). The initial temperature of the solid is T». Let h denote the heat transfer
coefficient between the fluid and the ambient, and assume that the heat transfer
coeficient between the liquid and the solid is large. Conduction is negligible in the
direction of flow, both in the fluid and in the solid. Find the unsteady temperature
in the system.

7-6. A nuclear fluid at temperature T flows steadily through an infinitely long
tube (Fig. 7-32). The upstream half of the tube is insulated, while the downstream
half may transfer heat with a heat transfer coefficient 4o to an ambient at temperature
To. Assume now that constant nuclear energy «'”/ is uniformly generated in the down-
stream half of the fluid. Axial conduction is negligible both in the fluid and in the
tube walls. Find the unsteady temperatures in the system, on the basis of a radially
lumped and axially distributed analysis.

7-7. Re-solve Example 7-7 in terms of an integral formulation and appropriately
selected approximate temperature profiles.

7-8. Re-solve the insulated case of Example 7-5, assuming that the inlet tempera-
ture To of the liquid is changing as shown in Fig. 7-33, rather than being changed
suddenly.

7-9. A cross-flow heat exchanger may be simulated by three parallel plates of
negligible thicknesses. The upper and lower surfaces of the exchanger are insulated.
Assume that the fluids flow steadily with the velocities Uy and Us (Fig. 7-34), that
the inlet temperatures of the fluids, T, and T'2,, are uniform, and that axial conduec-
tion is negligible. Find the steady temperature in the system on the basis of a trans-
versally lumped but otherwise differential analysis.

7-10. The unsteady thermal behavior of closed containers during discharge of the
container fluid by a pressurant gas finds important application in current problems
of space technology. The following analytical model is suggested for the investigation
of this problem (Fig. 7-35). (i) The top and the bottom of the container are insulated.
(ii) Axial conduction in the system is negligible. (iii) The physical properties are
assumed to be constant. (iv) The time dependence of the pressurant gas velocity is
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T 0 TO TO
Arbitrary
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(2) (b)

FIG. 7-35
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negligible compared to that of its temperature. (v) The heat transfer between the
fluid and the ambient is small compared to that between the pressurant gas and the
ambient.f (vi) The periphery of the container is subjected to a uniform heat flux
¢"’, or transfers heat to an ambient at temperature T',. Since the heat transfer below
the gas-fluid interface is negligible according to (v), ¢’ and T, may be assumed to be
moving with the interface velocity as shown in Fig. 7-35. (vii) Initially the container
is filled with a cryogenic fluid at temperature 7;. Then the fluid is drained out of the
container with constant velocity V by a pressurized gas having the inlet temperature
T,. Find the unsteady temperatures in the system on the basis of a radially lumped
and axially distributed analysis.

7-11. Two fluids flow steadily in a parallel-flow heat exchanger (Fig. 7-36). The
inlet temperature and the velocity of the fluids are T, 6; and U, V, respectively.
The tube walls which separate the fluids have negligible heat capacity.; The outer
surface of the heat exchanger is insulated. (a) Find the steady temperatures in the
system on the basis of a radially lumped and axially distributed analysis. (b) Assume
that the inlet temperature of one fluid is suddenly changed to another temperature,
say from T; to T{. Find the unsteady temperatures in the system.

7-12. Re-solve Problem 7-11 for (i) an infinitely long, (ii) a finite counterflow
heat exchanger.

7-13. Re-solve Example 3-10 by the use of Laplace transforms. The following
procedure is suggested. Starting from the formulation of the problem,

d20/dx? — m20 = 0, (3-163)
de(0)/dx = 0, (3-170)
6(L) = 6o, (3-171)

integrate Eq. (3-163) twice over the interval (0, z) to get
0(z) = 0(0) + m? / / 0(%) dt dt, (7-380)
o Jo

where £ is the dummy variable; using Leibnitz’s integral formula,§ show from the
integral

I= [()’(x — DO dt
that I .
/ / 0(%) dt de = / @ — DO(D) d; (7-381)
0 JO 0

then rearrange Eq. (7-380) by considering Eq. (7-381); take the Laplace transforms
of the result in z; eliminate §(0) from the solution by using Eq. (3-171).

7-14. Find the unsteady behavior of the system of Problem 7-9 corresponding
to a sudden change in the inlet temperature of one fluid. [Hint: Use Laplace trans-

T See Reference 18.

I See Problem 5-5 for the formulation of the problem corresponding to the case of
counterflow and including the heat capacity of the tube walls.

§ See Problem 2-8.
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forms successively in the time and the space in which the inlet temperature of the
fluid is kept unchanged.]

7-15. Consider a semi-infinite (z < 0) metal sheet of thickness 25. The instan-
taneous initial temperature of the sheet is Tg ; then the sheet suddenly assumes a
uniform velocity V and moves into the second half (x > 0) of an infinite domain
.(Fig. 7-37). The ambient temperature of the first and second half-domains is the same,
say Tw. The second half-domain is a liquid metal bath. The momentum (velocity)
of the moving sheet penetrates to a small depth in the liquid metal. This depth may
be neglected for the intended investigation, and the entire second half-domain may
be assumed stationary. Awial conduction is negligible. Find the unsteady temperature
in the second half-domain corresponding to (i) an infinite heat transfer coefficient h,
(i) a finite heat transfer coefficient A.

7-16. Re-solve Problem 5-9.

7-17. Re-solve Problem 5-10.

7-18. Re-solve Problem 5-11.

7-19. Re-solve Problem 5-12.

7-20. The outside walls of a house are assumed to be made of composite walls
consisting of a flat plate of thickness I and a semi-infinite body (Fig. 7-38). On a
cloudy summer day the inside and the outside of the house may be assumed to have
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FIG. 7-38

the same temperature, T. During the day the sun suddenly starts to shine and
imposes the uniform heat flux ¢’ on the walls for a period of time. Find the unsteady
temperature in the outside walls.

7-21. Re-solve Problem 5-15.

7-22. Re-solve Problem 5-16.

7-23. Re-solve Problem 5-17.

7-24. Re-solve Example 7-19, assuming that the tube is not insulated and that it
transfers heat with a heat transfer coefficient s¢ to the ambient at temperature T..

7-25. Re-solve Problem 5-18.

7-26. The process of drilling rocks may be simulated by an infinite solid having
a cylindrical hole that contains an infinitely long drill (Fig. 7-39). Thus the axial
motion of the drill is eliminated from the formulation of the problem. The initial
temperature of the system is uniform, say T; then the drill starts drawing a constant
power from the power supply. It may be assumed that the total power drawn by the
drill is uniformly transferred to the solid. Find the unsteady temperature in the solid.

7-27. Re-solve the preceding problem, assuming that the drill is a solid rod and
that only a part of the total power drawn from the power supply is (uniformly) trans-
ferred to the solid.

7-28. Re-solve Problerg 5-23.

7-29. Re-solve Problem 5-24.

7-30. Assume that the radiant energy generated in a spherical hole in an infinite
solid may be considered as a sudden heat flux imposed on the surface of the hole
(Fig. 7-40). The initial temperature of the solid is uniform, say 7. Find the unsteady
temperature in the solid.

7-31. Re-solve Problem 5-27.

7-32. Re-solve Example 7-21 by means of the Laplace transforms successively
considered in time and in the space (direction) in which the geometry of the problem
extends to infinity. [Hint: First establish the property

10
gl

} = pf(p) — pf(O+) — df(g;L)
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in a manner analogous to the establishment of TPII). Recall that ¢ does not
necessarily imply time.]

7-33. Solve the unsteady problem associated with Example 4-21, assuming that
the initial temperature of the rod is zero and that the base temperature is suddenly
changed to 8.

7-34. Re-solve Example 5-15.

7-35. Are there any solutions of Problem 7-1 through Problem 7-5 useful for
small or large values of time? First state your answers for each problem. Next con-
sider at least one of these problems and, employing the method of solution suitable
to small or large values of time, back up your answers.

7-36. Repeat Problem 7-35 for Problems 7-6 through 7-12 except Problems 7-7
and 7-9.

7-37. Repeat Problem 7-35 for Problems 7-15 through 7-20.

7-38. Find a solution of Example 7-25 for small values of time and small values
of r/R. [Hint: Use the small-argument expansion of the numerator of the transformed
solution.]

7-39. Repeat Problem 7-35 for Problems 7-21 through 7-27.

7-40. Repeat Problem 7-35 for Problems 7-28 through 7-34.

7-41. Find solutions of Problem 4-25 useful for small or large values of time cor-
responding to a sudden change in the internal energy generation in the rod from 0
tow".t

7-42. Find the transient periodic solution of Problem 6-6.

7-43. Find the transient periodic solution of Example 6-4.

7-44. Tind the transient periodic solution of Problem 6-7.

7-45. TFind the transient periodic solution of Problem 6-9.

7-46. Find the transient periodic solution of Example 6-3.

1 See Reference 20.
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CHAPTER 8

VARIATIONAL FORMULATION.
SOLUTION BY APPROXIMATE PROFILES

In Chapter 2 we classified the formulations of problems as lumped and distributed
(integral, differential, variational, and difference). So far we have discussed the
lumped, integral, and differential formulations, and the solution methods suitable
to each. Since both the variational and difference formulations can be obtained
from the differential formulation by means of mathematics, we have postponed
the study of these formulations until the necessary mathematical foundation
could be laid. This chapter is devoted to variational formulation and solution,
and Chapters 9 and 10 to difference formulation and solution.

Here we first introduce the concept of variational calculus and briefly
develop its properties; then we shall apply the results to some problems. Also,
we shall discuss at length the selection of profiles, which until now has been
loosely treated.

8-1. Basic Problem of Variational Calculus

An important problem of differential calculus is to find the extreme (stationary)
values of a function. Given, for example, a function of one independent variable,
¥ = y(z), the necessary condition for the existence of extreme values of this
function is dy/dx = 0. The sufficient condition for the function to be minimum
or maximum is d*/dz® > 0 or d%/dz® < 0, respectively, at the point where
dy/dz = 0. Variational calculus owes its origin to a similar but more com-
plicated problem, that of finding a function y(z) such that a definite integral
whose integrand is a function of this function shall assume an extreme value.
The necessary condition for the existence of an extreme value of the integral
is the subject matter of this chapter. (The sufficient condition for the extreme
value to correspond to a minimum or a maximum may be obvious for a given
physical problem, but it is rather difficult to prove and will not be considered
here.)

As an introduction, we present one of the clagsical examples of variational
calculus, a problem which readily permits physical interpretation of the ex-
tremum being sought; let us find the equation of the shortest plane curve joining
two given points (Fig. 8-1). The differential length of a curve y = y(z) con-
necting these points is

ds = (dz® + dy?)12

which can be rearranged as

ds = (1+ y)'2
435
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The total length of this curve, y

S= [ Wty Paz, 1) Yy

ds dy

i1s now required to be a minimum.

Before proceeding with the solution
of this problem, let us consider the P,
general problem of finding the extreme
values of the integral

dx
Y2

Y1

. 0 a b.
I= ./a F(xa Y, y/) dCL‘, (8‘2) FIG. 81

where F(x, y, ¥’) is a function known from the statement of the problem, while
y is the unknown to be determined such that the integral becomes stationary.
A function defined by a definite integral whose integrand itself depends on
functions is said to be a functional. The integrand of this integral may also be
called a functional when the independent variable z is considered fixed but the
dependent variable y is varied. The integral of Eq. (8-2) takes on different
values along different paths connecting the fixed points Py, P;. We wish to
find the particular curve y(z) which makes the integral, for example, a minimum.
If it is assumed that y(x) actually
minimizes this integral, any function in y(@) +en(e)
the neighborhood of y(z) can be rep-
resented by the form y(x) + en(x),
where 5(x) is a continuously differentia-
ble function that vanishes at the ends of
the interval, and € is a parameter (Fig.
8-2). Then, in terms of these functions,

en(x)

the integral of Eq. (8-2) can be written y(z)

in the form ]

- b ()

I(e) = / Flx,y + en, vy + ey') dx, - =
(8-3) FIG. 8-2

which, according to the assumption about y(z), assumes its minimum value
when € = 0.

Since in the (I, €)-plane I(¢) has a minimum for € = 0, according to differ-
ential calculus I(e) satisfies the necessary condition for extrema at this point,
namely

dI{e)/de = 0 when e = 0. (8-4)
Now, defining

F(e) = F(z,y + en, y' + en'), (8-5)
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and assuming that the order of integration and differentiation can be inter-
changed, we combine Eqs. (8-3), (8-4), and (8-5) to give

b
dI(e) _ / dr(e , 8-6)

de de
Since for a fixed value of « the derivative of Eq. (8-5) with respect to € is

df(e)  AdF(e) JdF (€) ,
de e "oy + ey

noting that F(€)|.—o = F and using Eqs. (8-3), (8-4), (8-5), (8-6), and (8-7),
we may rearrange Eq. (8—4) in the form

b
oF oF .
e:O—/a<@"+eTy'">dx—°'

Integrating the second term of this integral by parts, we obtain

b
oF d [oF oF
“@‘@(@?ﬂ"mw"

Since, by definition, 4 vanishes at the ends of the interval, the second term of
Eq. (8-8) is zero. Hence

/ab [% - % (g—;)} ndr = 0. (8-9)

The integral of Eq. (8-9) vanishes for any n(z) when

oF d (oF

+ 8-7)

dI(e)

de

b
= 0. (8-8)

a

Equation (8-10) is the Euler equation associated with the variational problem
given by Eq. (8-2). Thus the condition necessary for y(z) lo minimize (or mazxi-
mize) the integral of Eq. (8-2) is that F(z, y, y') must satisfy the corresponding
Euler equation. Note that the partial derivatives oF/dy and dF /3y’ of Eq.
(8-10) are formed by assuming y and y’ as independent variables; this is neces-
sary since the variation is on these, not on the independent variable z.

Let us now return to our specific problem, the plane curve which gives the
shortest distance between two points. Using Eq. (8-1) and noting that
F = (1 + y'®"? we find that the Euler equation of the problem is

LA A,
de | (1 + y'2)tizf — =&
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which integrates to
v/ +yHii=C o y =Cy

The next integration gives
= Ciz -+ Cy,

where €, €y, and C; are constants. Thus we are led to the well-known fact that
the shortest plane curve joining two points is a straight line.

The general problem discussed above may be extended by assuming that
y(z) is fixed at one end, say at x = q, and is arbitrary at ¢ = b. Now, defining
n(x) such that it is continuously differentiable yet is zero at * = a only, we
may write Eq. (8-8) in the form

b
oF d (8F aF
RES G 5
One way to satisfy Eq. (8-11) 1s to let each of its two terms separately be equal
to zero. The first term then gives the previous result, the Euler equation, while

the second term, since n(b) is arbitrary, introduces the additional condition for
the new problem,

= 0. (8-11)

z=b

oF

' (8-12)

z=>b

as a constraint on the Euler equation. Clearly, a further extension would
involve y(x) arbitrary at both ends.

8-2. Meaning and Rules of Variational Calculus

The differential of a function is a first-order approximation to the change in
the value of this function along the particular curve it describes, while the
variation of the same function is a first-order approximation to the change in
this function from the curve it describes to another curve by virtue of a con-
tained parameter (Fig. 8-3). The change en(z) in y(x) is called the variation
of y and is denoted by

Sy = €n. (8-13)

Now, corresponding to the variation of y, the change in the functional F(z, y, y')
for a fixed x is

AF = F(xy Yy -+ e, y’ + 577/) - F(x} Y, y,) (8_14)

Assuming y and ' as independent variables, and expanding the right-hand
side of Eq. (8-14) into a two-dimensional Taylor series around (y,y’), we
obtain

oF

_oF oF 2 _
AF = 3y en—}—ay, en’ 4+ O(€). (8-15)
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In a manner analogous to the definition of the differential of a function, the first
two terms of the right-hand member of Eq. (8-15) are defined to be the varia-
tion of the functional F(z, y, y’) which, with the use of Eq. (8-13), may be

written in the form

__oF oF _,
oF = ay&y—l—ay,ﬁy.

(8-16)

Noting that 6z = 0, and thus adding the identically zero term (3F/dx) éx to
Eq. (8-16), we clearly see the analogy between the definitions of the differential

of a function and the variation of a functional.

From the definition of variation, it may be shown that the rules for the
variation of sums, products, ratios, powers, and so on, are completely analogous

to the corresponding rules of differentiation.

The commutative property, that the differential of the variation of a function

y(x) is 1dentical to the variation of the differential of the same function,

is one of

the most important properties of the variational calculus. This statement may

readily be proved by means of Fig. 84 as follows:
AB+ CD = A'B 4+ C'D’
oy + dly + dy) = dy + 8(y + dy)
d(oy) = o(dy).

(S-17)

Finally, summing up our general discussion of one-dimensional variational

problems, we shall show that the necessary condition for the existence
tremum of the functional

b
I=[F@yy)de
a
s the vanishing of its variation,

b
51 = a[a Flz,y,y)dx = 0

of an ex-

(8-18)

(8-19)
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provided
=0 (8-20)

18 satisfied.®
Since variation and integration, like variation and differentiation, are com-
mutative, we may now write Eq. (8-19) in the form

oI = f: 8F(x,y,y) dx = 0
or, using Eq. (8-16),
oI = / (—6y—l—~6y>dx= 0. (8-21)
Next, rearranging &y’ by means of Eq. (8-17), we obtain

dy 8(dy)
Y I —
by =29 (dx) T dx

_dly) _ d
=Td =@

and integrating the second term of Eq. (8-21) by parts gives

i [ - )

This equation is proportional to Eq. (8-8), € being the proportionality constant,
and with Eq. (8-20) reduces to

b
5 — [QE - % <"F )] sy de = 0, (8-22)

or to the Euler equation.given by Eq. (8-10), the condition necessary for I to
be stationary.

b
= 0.

a

8-3. Steady One-Dimensional Problems

On the basis of the preceding discussion, we may obtain the variational formula-
tion of steady one-dimensional conduction problems. First, however, let us note
a basic difference between the variational formulation of geometric and of

* Equation (8-20) is often referred to as the natural boundary condition of the varia-
tional problem.
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physical problems. The statement of geomelric problems (for example, the distance
between two points, the surface of revolution passing through two points, ete.)
ts the functional of their variational formulations. The use of the corresponding
Euler's equation gives then the extreme values of this functional (the shortest
distance between two points, the smallest surface of revolution passing through
two points, etc.). By contrast, the statement of physical problems cannot explicitly
be related to a functional to be extremized on the basis of a physical reasoning.
Reconsider the general problem discussed in connection with Egs. (8-2) through
(8-10). Conceptually speaking, what we have learned by this problem has been
the existence of a differential equation as the condition necessary for an appro-
priate integral to be stationary. Since physical problems are, in general, expres-
sible in terms of differential equations, we may obtain the variational formulation
of these problems by following the steps of the variational formulation of
geometric problems in the reverse order. Thus we start by considering the
differential formulation of a physical problem to be the Euler equation asso-
clated with its desired variational formulation. The point will further be
clarified by the following example.

Example 8-1. Let us find the variational formulation of Example (3-10).
The differential formulation of the problem is

d’e
T~ m?6 = 0, (3-163)
ag) -
7 =0, (3-170)
0(L) = 6. (3-171)

Now, taking the governing differential equation of this problem, Eq. (3-163),
as the Euler equation of the desired variational problem, we have from Eq. (8-22)

L 2
ol = / <‘§—% — m20> 80 dz = 0. (8-23)
0

Integrating the first term of Eq. (8-23) by parts gives

L g de\ d g
JE— —_— —_— —_— 2 e g
. /O <d”c> . (860) dz m /0 6 66de = 0. (8-24)

Using the commutative property

d de
T (80) = & <%>

de
da 66
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for the middle term, and noting that

o\ s (d6) _ ,, (d6Y? — 1502
<d>a<dx>_2a(dx>, 660 — % 66°

we may rearrange Eq. (8-24) as follows:

ae 50L—l5/L[@2+m202]dx=0 (8-25)
dx 0 2 0 dx )

The boundary conditions § = const and (d/dz) = 0 for which the first term
of Eq. (8-25) vanishes are the natural boundary conditions of the problem.
Thus the variational formulation of the problem is

L 2
5 /0 [(g) + mzoz] dx = 0, (8-26)

and the corresponding functional is

1= /0 ’ [(%’)2 T m262] dz. (8-27)

Let us now reconsider the problem of Example 8-1, and keep the end
insulated but replace the base temperature with the specified heat flux

aer)y .
+k—dx = ¢". (8-28)
The variational formulation of Example 8-1 applies equally to the present case
before the use of boundary conditions. Introducing Egs. (3-170) and (8-28)

into Eq. (8-25), we find that the variational form of the new problem is

L
q/r 1 d02 9.9 _
?50(19——26/0 [((%)—{—me]dx—O

5 {% o) — 3 /0 " [(%)2 4 m202] dx} — 0 (8-29)

Thus, unlike the differential formulation, which involves the governing differential
equation and the boundary conditions separately, the variational formulation
wncludes the boundary conditions in the governing variational equation. Therefore,
a problem may yield different variational formulations, depending on the boundary
conditions.

or



[8-3] STEADY ONE-DIMENSIONAL PROBLEMS 443

We may extend the foregoing cartesian problem to other geometries by
considering a general form of linear second-order differential equations:*

o0 2]~ s = 1. (8-30)

Let us find the variational form of Eq. (8-30) over the interval (a, b). Taking
Eq. (8-30) as the Euler equation of the desired variational problem, we have

b
./a [ZZZ(I’%) - Q?/—f]aydx= 0.

Integrating the first term of this equation by parts gives

b b
dy\ d
(p(%)éya_/a [<P3%>@(5y)+qy6y+fay]dx= 0,

which may be rearranged in the form

b b 2
d
(p %) by| — 5[} [%p (i) + oy +fy} dz = 0.

If the boundary conditions are natural, the first term is zero, and the variational
form of Eq. (8-30) is

b \2
8 / [%p (;g) + 3gy° +fy] dz = 0. (8-31)
If the boundary conditions are of the general type
dy(a) _ dy(b) _
4z T Bwla) =0, 4o T Baw(0) =0,

* A linear second-order differential equation written in the form

d’ dy _
gz T @ o T 2@y = fi(@)
may be reduced to Eq. (8-30) by the transformation:
p@ = e| [A@dz]: 4@ = L@@, and  fE@) = LEE.

In Chapter 4 we considered a similar but homogeneous equation, Eq. (4-16),
in connection with characteristic-value problems.
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the variational form becomes

b 2
) [%p (Z—i) + iq¢y° +fy} dx} = 0.
(8-32)

5 1—1Bap(®)y*(d) + $B1p(@)y*(a) — /

Other forms corresponding to other boundary conditions may be obtained in a
similar manner.

Although cartesian geometry requires no rearrangement, a linear second-
order differential equation written in terms of cylindrical, spherical, or other
coordinates cannot be transformed into a variational form unless it is first
expressed in the form of Eq. (8-30). [Take, for example, cylindrical geometry
and try the variational form of r2(d26/dr?) - v(d6/dr) ord?6/dr? - (1/7)(d6/dr).]

Now that we have learned how to obtain the variational form of steady
one-dimensional problems, we shall make use of this form to obtain approxi-
mate solutions to these problems by a procedure analogous to that used with
the integral formulation, as follows. It is possible to construct a number of
geometrical profiles which satisfy the prescribed boundary conditions of a
given problem; however, among these there is only one physically possible
profile which, by satisfying the appropriate Euler equation, makes the func-
tional of the corresponding variational problem stationary. It is often difficult
to guess which profile this is. Instead, we try approximate profiles for which
the functional has a value approximately equal to its stationary value. As we
learned in Chapter 2, in the selection of approximate profiles there are two
procedures, the so-called Ritz and Kantorovich methods. We shall now examine
in detail the Ritz method. The Kantorovich method, which is suitable for use
with multi-dimensional and unsteady problems, will be discussed in Sections 8-8
through 8-11.

8-4. Ritz Method

This method is based on the selection of a convergent sequence of functions
N
y(@) = Y tnen(a), (8-33)
n=0

depending on N parameters, where ¢, (z) for all values of n satisfies the boundary
conditions; otherwise the choice of the functions ¢,(z) is to a large extent
arbitrary. In physical problems the general behavior of the desired solution
is usually known and, depending on the nature of the problem, special functions
such as polynomials or circular, hyperbolic, ¢ylindrical, or spherical functions
may conveniently be employed.

Inserting Eq. (8-33) into Eq. (8-2), we obtain the functional in terms of
N parameters, I(ag, ay, ag, . .., ay). The stationary values of this functional



-~

[8—4] RITZ METHOD 445

may be obtained in the usual manner. The result is N simultaneous algebraic
equations
al/da, = 0, n=2012... N, (8-34)

sufficient for the evaluation of the parameters of Eq. (8-33). As may be ex-

pected, the approximate solution given by Eq. (8-33) becomes closer to the

exact solution when the number N of the approximations is increased; the

convergence of this solution largely depends on the choice of functions ¢, (z).
A more elaborate procedure consists in a sequence of approximations

Yolx) = Qopo(T),
Y1(x) = aoeo(z) + a101(),

YN (x) = ageo(z) + ajei(x) 4 - - + anen (%),

to be evaluated separately. With this procedure, we can check by successive
comparison the accuracy attained at each order of approximation. Note that
for the same coefficient different values are obtained, depending on the order of
approximation.

Example 8-2. Let us obtain an approximate solution to the problem of
Example (8-1) by means of the Ritz method.
In terms of polynomials, for example, the series

0(8/80 = 1 — (1 — £)(ao + ar£® + agg* + - - ) (8-35)

or
0(8)/00 =1~ (1 — ag — (1 — £2)2%,; — (I — %y — -+, (8-36)

both of which satisfy the boundary conditions of the problem, may be used
conveniently. Here ¢ = z/L is the dimensionless distance and 8, the base
temperature. The first of these series has already been used in Example 3-10
for an approximate solution to the same problem by the integral method;
since this series involves less algebra than that of Eq. (8-36) in the evaluation
of the unknown parameters @, 1t will also be used here. Thus we shall be able
to compare the results of the integral method with those obtained by the varia-
tional technique.

Here we shall limit ourselves to the first- and second-order approximations,
but we shall carry out both of them so that we may compare the accuracy
attained at each order of approximation. Although Eq. (8-26) is the only
variational form of the problem, Eq. (8-23), being identical to Eq. (8-26) and
mmvolving less algebra in the evaluation of the unknown parameters, is more
convenient to use than Eq. (8-26).

The first approximation of Eq. (8-35),

0(8)/60 = 1 — (1 — £%ay, (3-195)
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introduced into the dimensionless form of Eq. (8-26),

Ly
/0 (Z—g‘; — ,ﬁo) 80 dt = 0, (8-37)

-/ " 2a0 — #3L — (1 — Pagh (L — £) saodE = 0.

yields

This integral may readily be evaluated by the successive use of Eq. (8-129).*
The result is

[2(1 + 2u?/5)ag — wp?] dag = O.

Since dag is arbitrary, the coefficient in brackets must vanish, giving

o M2
07 1+ 2u2/5

Thus a first-order approximation of the temperature distribution is

o0 _ s

The second approximation of Eq. (8-35),

8(9/80 = 1 — (1 — £)(ao + a18?), (3-215)
introduced into Eq. (8-37) yields

- ' 200 — 20y 1 120188 — W21 — (1 — (a0 + a1}
X (1 — £)(8ag + £ a;) di = 0.

This integral may be evaluated by the repeated use of Eqgs. (8-129) and (8-131).
The result is
(A + 2udHao + (1 + FuPay — 3u®] dag
+ 151 + Fu%)ao + 711 + 3u%)ar — $u°] da; = 0.
Since 8ag and da; are arbitrary, their coefficients must vanish, giving the simul-
taneous algebraic equations
(1 + 8uao + (1 + Fu%ar = 3
(1 + a0 + (A1 + Fu%ar = ',

* See Section 8-12.



[8-4] RITZ METHOD 447

Solving these equations for aq and a; yields

w3+ p/12) . — u'/4 _
176 4 8u2/3 1 2ut/21

90 = 3 8u2/3 | 2ut/al’

Thus a second-order approximation of the temperature distribution is

0(8) 1 — £ K u_2> ﬁ} -
8o 6+ 8u2/3 + 2u%/21 31+ 13t (8-39)

Let us now compare the first- and second-order approximations obtained by
the variational calculus and the integral method with the exact solution of the
problem. As the basis of comparison, we shall use the total heat loss from the
fin, since this is more important and meaningful for the purpose than the tip
temperature. Although the heat transfer by conduction from the base of the
fin is equal to the heat loss by convection from the peripheral surface of the fin,
an approximate profile results in different values for these. For obvious reasons,
we choose to use the peripheral heat transfer, whose dimensionless form is

1
q . -
T A6y/L M/o 6 d¢t. (8-40)

Inserting Eqs. (8-38) and (8-39) into Eq. (8-40) gives the first- and second-order
approximations of the heat loss from the fin,

g _ B+ §*/15) ¢ _ #BFp’/3+ u?/315) (8-41)
kAGo/L — (1 +2u2/5) ~  kA6y/L ~ (3 + 4u2/3 + ut/20)

In Table 8-1, we compare the exact heat loss from the fin with the results
of the integral technique (see Table 3—4) and those of the variational caleulus.
This table clearly shows the improved accuracy of results obtained by use of
the variational calculus as compared with those obtained by the integral method
when the same profile is employed for both cases.

In the light of the foregoing problem, let us emphasize the basic difference
between the variational calculus and the integral method. Suppose that we
wish to find the nth approximation of a problem by either of the two methods.
The variational calculus results directly in n simultaneous algebraic equations
that yield the values of the n parameters, weighed to give the closest fit to the
exact solution. On the other hand, as a result of integration of the governing
differential equation, the integral method yields only one algebraic relation
among the unknown parameters. The remaining n — 1 conditions are, to
some extent, arbitrarily determined (recall Section 3-11).  Therefore, the
accuracy of the approximation obtained by the integral method depends on
individual skill and experience. In general, this accuracy does not exceed that
of the approximation obtained by the variational calculus.
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TABLE 8-1
b 1 1 2 4
Exact 0.2311 0.7616 1.9281 3.9973
Integral 0.2308 0.7500 1.7143 2.5263
2 | Frror, % 0.130 1.52 11.1 36.8
—
F | Variational 0.2311 0.7619 1.9487 4.4685
.,E Error, 9 0.000 0.041 1.07 11.8
B Integral I 0.2311 0.7616 1.9269 3.9223
=
g: Error, % 0.000 0.000 0.062 1.88
.=
:ﬂl g Integral I1 0.2311 0.7614 1.9130 3.6791
c% Error, %, 0.000 0.026 0.783 7.96
Variational 0.2311 0.7616 1.9281 4.0066
Error, % 0.000 0.000 0.000 0.233

Example 8-3. Reconsider Problem 3-30 (Fig. 8-5). Let us find the steady
temperature distribution in the system. The case of constant wear readily
accepts an exact solution; hence we focus our attention on the more involved
case of constant pressure.

© Ahy Tw
>
he
D g
521 ks N
R
h
T : FIG. 85

Under steady conditions, with the axial temperature distribution neglected,
the differential formulation of the problem is

a( doy _ o 2 _ _
dp(pdp> upb + vp® =0, (8-42)
where
r 2 hi + he ) 2 ppoR®
=T — T, p=—, p2= (2t Vg2 ,— MPE .
pP=F * <k1 81 + k2 62 V7 Uy 61 + kg 83)

The variational form of Eq. (8-42) is identical to

1
d( a0y _ e 2 — _
/o[dp(pdp> up0+vp]60dp—0. (8-43)
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Let us neglect the heat transfer from the peripheral surface of the disks. Then
a first approximation of the temperature distribution which satisfies the end
conditions may be written in the form

8(p) = ao(l + 3p* — 2p3). (8-44)

Introducing Eq. (8—44) into Eq. (8-43), then integrating and rearranging the
result gives
U5
07 21/52 F u2

Thus a first-order approximation of the temperature distribution is

o0 _  21/5

v =i Tt 3p% — 2p%). (8-45)

Similarly, a second-order approximation of the temperature may be constructed
in the form
0(p) = ao + (30 — 2p%)a,. (8-46)

Insertion of Eq. (8-46) into Eq. (8-43) and subsequent integration yields the
simultaneous algebraic equations

2 7,2 __'2
K7ao -+ Tou"ar = 3,
7,2 2 2 21 — 4
zok a0 + Fu® + $fa; = .
Solving these equations for ao and a; gives

_ 16w’ + 105) o — 140v _
T 171p2(u2 - 840/57) LT 1T (u® F 840/57)

Qg

Thus a second-order approximation of the temperature distribution is

6(p) 16(u® + 105) 140 ) ,
v T TT1a%(e® + 820/57) T T71(p2 & sa0/57) B0 — 207

(8-47)

Let us compare, for example, the centerline temperature of the first and
second approximations to see how well the two approximations agree. Intro-
ducing p = 0 into Eqs. (8~45) and (8-47), and establishing the ratio of
centerline temperatures yields

61(0) _ 35914 (u® + 840/57)
62(0) — 832(u? + 105) (u® + 21/52)

This ratio is given in Table 8-2 as a function of M. Inspection of the table
reveals a large and variable discrepancy between the two approximations which
is quite contrary to the results of Example 8-2. TFor problems with no specified
temperature at the boundaries, a first approximation such as Eq. (8-44), intro-
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TABLE 8-2

1 2 4

=

13
01(0)/62(0) 0.2350 0.4564 0.6739 1.069

ducing a constraint between the centerline and the peripheral temperatures,
gives a rather poor result and should not be used. This point will be discussed
at greater length in the next section. To illustrate the accuracy of the approxi-
mate solutions of the foregoing problem, the reader should carry out the third
approximation and compare it with the second approximation given by Eq.
(8-47) (see Problem 8-4).

8-5. Steady One-Dimensional Ritz Profiles

As may be expected, profiles subject to homogeneous boundary conditions are,
in general, easier to construct than profiles subject to nonhomogeneous boundary
conditions. Thus, using the principle of superposition, we first reduce the
problem of selecting the latter type to that of selecting the former type. The
procedure is best explained in terms of frequently encountered boundary con-
ditions as follows:

(a) The function s specified at the boundaries,
y(0) = Yy, y(L) = Y.

Let us separate the desired profile into three profiles as shown in Fig. 8-6.
Thus we have

y(@) = y1(@) + yao(2) + y3(2).

Each of the first two of these profiles satisfies one nonhomogeneous boundary
condition of the problem. The selection of y;(x) and yo(x) as straight lines is
for convenience only. It follows then that

y(x) = (%) Y:+ (L;i> Y + ys(), (8-48)

where the last profile satisfies the corresponding homogeneous boundary con-
ditions,
y3(0) = 0, ys(L) = 0.

The use of polynomials or circular functions in the construction of ys(x) readily
gives
ys(x) = (L — x)(ap + a1 + age® + - - ) (8-49)

or

ys(x) = agsin (wx/L) -} a1 sin 2wx/L) 4 agsin 3we/L) 4 - -+ (8-50)
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As a special case, the same profiles may be geometrically and thermally
symmetric (Fig. 8-7). In such a case, given the fact that Yi=Y,=Y%,it
follows that y;(z) = yo(z) = Y. Thus

y(@) = Y + y3(w), (8-51)
where
y3(@) = (L? — 2%)(ao + a12? + agz* + - - ) (8-52)
or
Y3(x) = ag cos (mx/2L) + a; cos (3wx/2L) + ay cos (bmx/2L) + - -+ (8-53)

(b) The gradient of the function is specified at the boundaries,
Y'0) = my,  y(L) = m,.
Again let the required profile be composed of three profiles,
Y@ = y1(®) + ya() + y3(2),

such that each of the first two satisfies one nonhomogeneous boundary condi-
tion and the homogeneous form of the other boundary condition, as shown in
Fig. 8-8(a). The simplest physically possible profiles which satisfy these bound-
ary conditions are parabolas. Thus we have

2 L2 — 2
v@) = grm — E T 4w, (8-54)

where the third profile, y3(z), satisfies the corresponding homogeneous boundary
conditions

y3(0) =0,  wi(L) = 0.
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It follows from Fig. 8-8(b) that in terms of polynomials

ys(2) = a0 + a:(8La® — 203) + ay(L — 2)%% + as(L — z) 2x?
+ ay(L — x)%* - .. (8-55)

or
y3(x) = ag + a1(8La® — 223) + ay(4Lad — 3z%)
+ as(5Lx* — 42%) + ... (8-56)

The use of circular functions results in
ys3(x) = ag 4 a; cos (wx/L) + ay cos (2mx/L) + a3 cos (3wx/L) + - - - (8-57)

The geometrically and thermally symmetric case of the same profiles is
shown in Fig. 8-9. Since in this case m; = mys = m, the profiles y,(z) and
y2(x) of the general case may now be replaced by a single profile, say y,s(z).
Thus

y(@) = yi2(2) + ys(2).

Assuming that y,5(z) is subject to the nonhomogeneous boundary condition
of the problem, and satisfying this boundary condition again by a parabola,
we have

2 _ 2
vw) = — LT ), (3-58)

where y3(z), having the general form of F 1g. 8-8(b), may be represented by the
profile of Eq. (8-56) or Eq. (8-57).

(¢) A lnear combination of the function and its derivative is prescribed at the
boundaries,

¥'(0) -+ Boy(0) = n,, y'(L) + Byy(L) = n;.

As before, we let
Y(@) = yi(2) + y2(2) + ya(@),

where y;(x) satisfies the second boundary condition and the homogeneous
boundary condition corresponding to the first boundary condition, and yu(z)
satisfies the first boundary condition and the homogeneous boundary condition
corresponding to the second boundary condition (Fig. 8-10a). Note that the
homogeneous boundary conditions are conveniently satisfied by letting the
function and its derivative, rather than their sum, be separately equal to zero.
Since yy(x) and ys(x) now have saddle points, the simplest physically mean-
ingful profiles corresponding to these functions must necessarily be constructed
in terms of third-order polynomials. Thus we have

Vi@ = 2@+ 01 and  yu(e) = (L — )%z + Cy),
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where ¢ and Cs are to be evaluated from the second and the first boundary
conditions, respectively. The result is

yi(@) = 2° <x — L — %% gll/LL > (8-59)
and
yo(@) = (L — 2)° (x + %:—7};/—5) (8-60)

The general form of ys(z) is shown in Fig. 8-10(b). It readily follows, if we
use polynomials, that

ys(x) = ao(L — 2)%? + ay(L — 2)%2% + ao(L — )2t 4 -, (8-61)
or if we use circular functions, that

y3(z) = ag(l — cos wx/L) + ay(1 — cos 2mz/L) + as(l — cos 3wx/L) + - -
(8-62)

The geometrically and thermally symmetric case of these profiles is shown
in Fig. 8-11(a). As in the preceding symmetric cases, we may write

y(x) = y12(2) + y3(2),
where y12(x) may be constructed in terms of the parabola
Y12(x) = C — a?,
to be subjected to the boundary condition

y'(L) + By(L) = n.
Thus we have
n+ 2L

y12(x) = L* — «® + 5 (8-63)

The general form of ys(z) is shown in Fig. 8-11(b). Using polynomials, we
obtain

ys(@) = ao + a1(L — 2)%? + ax(L — 0% + az(L — 2)%2* -+, (8-64)
or using circular functions, we get

ys(@) = ag(l + cos wx/L) + a;(1 + cos 3wx/L) -+ as(1 + cos Swx/L) + - - -
(8-65)

Having thus completed our investigation of steady one-dimensional prob-
lems we now proceed to the variational formulation of steady two-dimensional
problems.
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8-6. Steady Two-Dimensional Problems

We begin our discussion by considering a two-dimensional (cartesian) functional

I= / / F(z,y, T, Ts, T,) dz dy, (8-66)
4

where z and y are independent variables, T'(x, 3) is the temperature function
to be determined, and Ty, Ty are the partial derivatives with respect to z and Y;
the functional F and the integration domain R are known from the statement
of the problem.

It follows from the rules of the variational calculus (Section 8-2) that the
necessary condition, 61 = 0, for the functional given by Eq. (8-66) to be
stationary is

oF oF aF
R

The Euler equation of this functional will now be obtained by expressing the
last two terms of the integrand in terms of the variation §7". First we consider
for example, the last term of the integrand, which can be rearranged by using
Fig. 8-12 as follows:

: b ya(x)
IF oF
/ / a*—Ty 0T, dedy = /a < /y . a—T; oT, dy) dx. (8-68)

R
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Since 9
6TZ/ = é?—/ (6T)7

Eq. (8-68) integrated by parts in the y-direction gives

Uz(fﬂ)
// 8T, do dy = / // ( ) T dxdy. (8-69)
) 6T y1<x>

Similarly, the second term in the integrand of Eq. (8-67) results in

d
oF oF Zz(y) // ( >
— 8T, de dy = / — 6T 8T dx d 8-70
.}[/ aTx y c aTac xl(y) Y. ( )

Using Fig. 813, we see that the first right-hand term of Eqgs. (8-69) and (8-70)

becomes
#2(¥) oF aF .
/ ~6T medy = £<ﬁ;cos¢+msm¢) 8T ds.
(8-71)

Combining Eqs. (8-67), (8-69), (8-70), and (8-71) yields the variational
formulation

- 5268 -3l

4 f < cos ¢ —|— sm ¢) 6T ds = 0. (8-72)

yo(x)

Y1(w)

The natural boundary conditions of the problem, according to Eq. (8-72),
satisfy

;1{ O cos ¢ + op “sin ¢) o ds = 0. (8-73)
T,

One way of satisfying Eq. (8-73) is to select T such that it is continuously

differentiable in R, and 8T vanishes on C. This may be accomplished, for

example, by specifying T on C. The variational formulation, subject to the
natural boundary conditions, then becomes

o= I - <”>

which implies that
oF _ 0 (oF
oT 9z \oT

<aa£ >] ST drdy =0,  (8-74)

d {oF



[8-6] STEADY TWO-DIMENSIONAL PROBLEMS 457

h, T
Y
1
C
I
h, T
u/// s mm—
O -
, .
L L
FIC. 8-13 FIG. 814

Equation (8-75) is the Euler equation associated with the functional given
by Eq. (8-66). Thus, in a manner analogous to the one-dimensional case,
T(z,y), subject to the natural boundary conditions, makes the integral of
Eq. (8-66) stationary, if it satisfies the corresponding Euler equation.

Example 8—4. Reconsider Example 2-1 (Fig. 8-14). Assume the case of a
large heat transfer coefficient. Let us find the steady variational formulation
of the problem.

The governing differential equation is

9%0 '’
ﬁﬂp s

subject to the boundary conditions
0(£L, y) = 6(z, 1) = 0,

where 6 is measured above the ambient temperature 7.

The general procedure outlined in Egs. (8-66) through (8-75) is now fol-
lowed in the reverse order; taking the differential equation of the problem as
the Euler equation of the variational formulation, we have from Eq. (8-74)

11
8l = / / <ax2 6y2 MT) 80 dz dy = 0. (8-76)

The first term in the integrand of Eq. (8-76) integrated by parts in the
a-direction results in

/_L/ ~——&‘?OMZJ-/ </ ——60dm>d
_ / ggao Ly — /_ll /_LLaE <gg>2:ld;vdy. (8-77)
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Similarly, the second term integrated by parts in the y-direction yields

L I
LY 1 [/a6\?
waci— [ 0l ao [ [ o2 ()]
/ / L3y _ldx » _16 2 \ay dx dy

Furthermore, note that

[4
[ 2" a2
_10x

where n is the outward normal to the periphery of the rectangle, ds the differ-
ential arc-length on this periphery, and C the boundaries of the rectangle (see
Fig. 8-13). Finally, combining Eqs. (8-77), (8-78), (8-79), and introducing
the result into Eq. (8-76) gives the variational form

1{(30\? | [96\*] , " /ae .
B

Inspection of the line integral of Eq. (8-80) reveals that, as with steady one-
dimensional problems, either a prescribed surface temperature or an insulated
boundary will make this integral vanish; hence both are natural boundary
conditions by definition. Since the temperature of the boundaries is prescribed
in the present case, the variational form of the problem reduces to

5 { / {— %[(gg)z - (Z—Z)z] + “—]:«' 0] de dy = 0. (8-81)

8-7. Steady Two-Dimensional Ritz Method

= f — 80 ds, (8-79)

The Ritz method of steady one-dimensional problems may readily be extended
to steady two-dimensional problems. We select an approximate solution 6(z, y)
which depends on N parameters and has the form of a convergent sequence of
functions

N
G(I, y) = Z anﬁon(x; y) (8‘82)

n=0

Here ¢,(z, y) for all values of n satisfies the boundary conditions. Further-
more, if ¢,(z, %) is assumed to be a product consisting of a function of x alone
and a function of y alone,

San(x; y) = Xn(x)Yn(y)r
then X, (z) and Y,(y) may be constructed such that X,(z) satisfies only the
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boundary conditions in the z-direction and Y. (y) only the boundary conditions
in the y-direction. Thus Eq. (8-82) becomes

N
0(x,y) = Z n X () Yn(y). (8-83)

n=0

Example 8-5. Using the Ritz method, let us find an approximate solution
of Example 8—4.
In terms of polynomials, for example, the series

6z, 9) = (L — 2)(* — y™) (a0 + a12® + agy® +---)  ($-84)
or

6z, y) = ao(L* — 2)(® — ¥’ + a1(L? — 221> — y»)2 4 ..., (8-85)

both of which satisfy the boundary conditions of the problem, may be used
conveniently. Because of the thermal and geometric symmetry of the problem
with respect to the selected reference frame, odd powers of x and y, being
identically zero, are excluded from the series of Egs. (8-84) and (8-85). The
first of these series has already been used in Examples 2-1 and 4-11 in connec-
tion with the integral formulation and its solution. The same series, permitting
a comparison between the results of the integral and variational techniques,
will also be used here.

Again, the first two approximations are carried out. The first approxima-
tion of Eqgs. (8-84),

8z, y) = (L* — 2)(I* — y?)a,, (2-134)

inserted into Eq. (8-76) yields

L l
4/ / (=2 — yPao — 2(L% — 2%)ag + u'/k]
0 1]
X (L* — 2®)(® — y?) sagdr dy = 0.
The result of this integral gives

go 2 W'k
T8 12 F LY

Thus the first-order Ritz profile based on the variational formulation is

51— /D) — /)Y
8 L+ /D) ' &0

6z, ) _
u”’l2/lc

Similarly, the second approximation of Fq. (8-84),

0@, y) = (L* — 2))(1® — y?)(ap + a1z?), (4-135)
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introduced into Eq. (8-76) gives
Lt 2 2 2 2 2 2 2
a7 [[1-20° — v a0 — al? + 60x”) — 2(L° — o) (a0 + @) + /M
X (L2 — ) — y»)(ag + 2® 6a1) dx dy = 0.

This integral yields the simultaneous algebraic equations
I 5 u

2 2 2, — 2%

(l L)0+< —{—7)La1—-8k;

L? 1, L% ;2 1w
(5+7> o+ 7 < +‘3‘)L“1=§7'

Solving these equations for o and ay gives

(u"""/16k) (L*/3 -+ 241°/5) _ (u""/16k) '
(L4/21 + 8L212/15 + 1214/25) — (L4/21 + 8L212/15 + 121%/25)

Qg —
Hence the sccond-order Ritz profile based on the variational formulation is

0@, y) _ 1 z\?* N[ 1/3 + 24/5)(/L)® + @/L)®
WEE 16 [1 - <L> ][1 - (7> [1/21 + &/15) L)+ (12/25)(1/1;)4]

(8-87)

Before comparing the foregoing approximate solutions with the solution by the
integral method and the exact solution, let us consider the Kantorovich method,
to which we have so far given no attention.

8-8. Kantorovich Method

Up to now, we have constructed two-dimensional Ritz profiles in the form of
Eq. (8-83) by specifying completely the functions X,(z) and Y,(y) in the
2- and y-directions. However, in many physical problems, the general behavior
of the unknown temperature 8(z, ¢) in one direction, say the y-direction, may
be predicted more accurately than that in the other direction. Ior such cases,
the Ritz profile may be generalized by specifying completely the functions
Y.(y), but leaving the functions X, (x) unspecified, to be determined by the
variational calculus. The use of this profile in variational formulations leads
to a set of ordinary differential equations in terms of X,(z), to be considered
with proper boundary conditions in the z-direction. This procedure constitutes
the basis of the Kantorovich method.

Example 8-6. Using the Kantorovich method, let us find an approximate
solution of Example 8—4.
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If we approximate the temperature dependence in the y-direction by, for
example, a parabola, the function

0(x7 y) = (l2 - yz)X(x): (2_137)

which satisfies the boundary conditions of the problem in the y-direction, may
be used as a first approximation. Since a function over a short interval can be
approximated closely by a specified function, when L. > [ Eq. (2-137) is suitable.
On the other hand, when [ > L the function

0z, y) = (L* — z®)Y(y)

should be used instead. Similarly, since a function over a long interval can be
approximated more closely by higher-degree polynomials, when L > [ the
function

0z, y) = (L* — 2%)(@® — y*) (a0 + a12?) (4-135)

should be used for the second approximation of the Ritz profile; but when
I > L the function

0z, y) = (L* — 2*)(1* — y*)(ao + a1y”)
is more suitable. The preceding remarks point once again to the fact that the
aceuracy of an approximate procedure rests heavily on the individual’s under-
standing of the physics of the problem and on his skill in the choice of profiles.

Returning now to the solution of the problem by the Kantorovich method,
let us insert Eq. (2-137) into Eq. (8-76). This gives

L l
4 f / (2 — y)X” — 2X + /K2 — ) 6X dedy = O.
0 0
Integrating this integral in the y-direction, we obtain
L
[313 /0 GI2X" — 2X + "' /k) dx} 53X = 0. (8-88)

Since 86X is arbitrary, the integral of Eq. (8-88) must vanish, which implies
that the integrand be identically zero. Thus the unspecified function X(x) is
found to satisfy the differential equation

X — X = — 2, (8-89)

subject to the boundary conditions

X'0) =0, X()=0. (8-90)



462 VARIATIONAL FORMULATION AND SOLUTION [8-8]
The solution of Y.q. (8-89) which satisfies Eq. (8-90) is

X(2) — ﬂ( __cosh \/é(x/l)>.
@ =2 \! cosh VE(L/1)

Thus a first-order Kantorovich profile obtained by the use of the variational
form of the problem is

2 5
owy) _ 1 [1 -~ (g) ](1 __ cosh x/2(x/1)>_ 8-91)
"k 2 t cosh V3(L/1)
Similarly, the second-order Kantorovich profile from Example 4-11,
0z, y) = (I* — y*)[X1(z) + y*X@)], (4-141)

introduced into Eq. (8-76) gives

l
4‘/01:-/0 [(lz — y2)(X/1’ + 2/2X,2,) o 2X1 _I__ 2X2(l2 o 6y2) + u’"/k]
X (1 — y*)(6X 1 -+ v 8X,) de dy = 0.

Integrating this integral in the y-direction, we obtain
L ulll
83 . 22Xy + &I'XY — 2X, — 21°X, + — ) dz| Xy

L
1444
+ 51° [/ (%lzX'{ + KXY — 2X, — 2PX, + %) dﬂ;] 60Xy = 0.
0
(8-92)
Since 6X; and X, are arbitrary, the integrals of Eq. (8-92) must vanish,

which implies that the integrands be identically zero. Then X(x) and X, (z)
satisfy the simultaneous differential equations

XY + AUXY — 2X, — HX, + X = 0,
w' (8-93)
XY + HXY — 2X, — PXp + - = 0.

Again, by introduction of the linear operator D = d/dz Eq. (8-93) may be
written in the equivalent operational form

2(3°D® — )X, -+ 223PD? — DX, = — =,

2B°D* — DX, + #P@EPD? — 1DX, = — ——-
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Using the theory of determinants, or by direct elimination, we obtain the
following differential equations for X, and X,:

(*D* — 281°D? + 63)X; = (63/2)u’"/k,

(I*D* — 2812D? + 63)X, = 0. (8-94)

The homogeneous parts of X; and X, have the same characteristic equation
I*r* — 281%% | 63 = 0,

yielding four real roots, =+a/l, +B/I, where « = [14 — (133)"/2]Y2 and
B = [14 + (133)"?]"2, Thus four independent solutions, conveniently ex-
pressed in terms of hyperbolic functions, are cosh a(z/1), sinh a(x/1), cosh 8(z/1),
sinh B(z/l). The thermal and geometric symmetry of the problem with respect
to the selected reference frame eliminates sinh a(z/I) and sinh 8(z/!) from the
solution. Furthermore, noting the particular solutions X; = w'"/2k, X5 = 0,
we may write the general solutions of X; and X, in the form

X1 = w"/2k 4+ A cosh a(z/l) + B cosh B(z/1),

Xy = Ccosh a(z/l) + D cosh g(z/1). (8-95)

To determine the relationship which must exist among A4, B, C, and D, Eq.
(8-95) is inserted into either one of the differential equations given by Eq. (8-93).
Using the first equation, for example, and requiring that the result to be identi-
cally zero, we get

(3" — DA+ 5P(a® — )0 =0,  (26° — DB + }*@36* — 1)D = 0.

Expressing, say C in terms of 4, and D in terms of B, and introducing the result
into the second equation of Eq. (8-95), we have

11

Xlzz—k—i—Acosha%c—!—BcoshB%,
(8-96)
5 (2%/5 — 1 x  5(28%/5 — 1 T
Xg— —ZE(W—{)ACOSha'Z‘—ﬁ(@/?—_T BCOSh,BZ'

Since the temperature symmetry in the z-direction has already been used, the
remaining condition, 6(L, y) = 0, is now satisfied by requiring that

Xi(L) =0, Xy(I)=0.

Using this condition, from Eq. (8-96) we obtain

Acosha%+BcoshB%:— ’

22%/5 — 1 L 28%/5 — 1 L
(m7 — 1>ACOShaT+<W_—1 BCOShB'l—— 0.
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Solving these equations for A and B results in

)

2k ) (a2 — B2) cosh a (L/])

B — 35< ”'> (2°/5 — 1)(26%/7 — 1)
4 \2k/) (a2 — B2)cosh B (L/])

A= 35< > (28%/5 — 1)(2a2/7 — 1)
(8-97)

Finally, combining Eqgs. (4-141), (8-96), and (8-97), we find that a second-
order Kantorovich profile based on the variational formulation of the problem is

8, y) 1[1 _ <y>2]
w2/ 2 l

ll L35 (26 /5= >[(2 2/7 — 1)~ 52a/5 — 1)(y/D?)

62
cosh a(x/l) §§(2a2/5 — 1>
cosh a(L/]) B2 — a2
X ((@6°/7 — 1) — 5(28°/5 — D/ oL BERN (3-99)

A comparison can now be made between the exact solution of the problem
and the approximate Ritz and Kantorovich profiles obtained by the integral
and variational techniques. To simplify the algebra of this comparison, only
the first approximations will be taken into account, and the space dependence
will be eliminated by considering a single location only. For this location let
us take the origin of the reference frame, noting that the maximum error will
occur at this point (why?). The exact and first-order approximate values of
the origin temperature are obtained by inserting z = 0, y = 0 into Egs.
(4-133), (2-136), (2-143), (8-86), and (8-91). The comparison is summarized
in Table 8-3 for three values of L/1.

Tables 8-1 and 8-3, and the experience gained in the integral and variational
techniques from the previous sections, lead us to the following conclusions:

(a) In terms of a given profile, the accuracy attained by the variational
calculus is better than that of the integral method.

(b) Kantorovich profiles employed with the variational or integral techniques
give more accurate results than Ritz profiles, because only part of any Kanto-
rovich profile is chosen a priori, the remainder being determined in accordance
with the physics of the problem.

(c) It can be shown, using Example 8-6 and Table 8-3, for example, that
the accuracy of a Ritz profile decreases with increasing L/[ for two-dimensional
problems. Clearly, if 7 is assumed constant but L increasing, the actual tempera-
ture distribution becomes difficult to approximate closely by a selected simple
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profile. Thus the limiting one-dimensional problem which corresponds to
L/l = « cannot be obtained from the two-dimensional Ritz profile by simply
letting L/l — oo in this profile. By contrast, the Kantorovich profile converges
rapidly to the actual distribution with increasing L/l, because the differential
equation obtained by the Kantorovich technique accepts a particular solution
as L/l — o. Furthermore, if the y-direction of the two-dimensional Kantoro-
vich profile is properly chosen, which was the case in Example 8-6, this profile
approaches the exact one-dimensional solution as L/l — .

The reason the Kantorovich method yields a relatively poor result for
L/l = 1, compared to the results obtained by the same method for L/l > 1,
is that for L/l = 1 the actual temperature distribution is symmetric, hence
cannot well be approximated by Kantorovich profiles, which are by nature
asymmetric.

TABLE 8-3
L/l 1 2 4
Exact 0.29469 0.45687 0.49807
Integral-Ritz 0.37500 0.60000 0.70584
» | Frror, 9, 27.3 31.3 41.7
;:gé Variational-Ritz 0.31250 0.50000 0.58824
'§ Error, % 6.05 9.44 18.1
é Integral-Kantorovich 0.32844 0.48723 0.49902
f& Error, 9, 11.5 6.64 0.190
K Variational-Kantorovich 0.30259 0.45774 0.49821
Error, % 2.68 0.189 0.0269

(d) Circular or other special functions may be used as well as polynomials
in constructing approximate profiles. Although it is difficult to comment on
the relative accuracy of these profiles, experience indicates that greater accuracy
is obtained using polynomials as compared with circular functions (see Prob-
lems 8-1, 8-6). The reason for this is not quite clear. However, the following
argument given in terms of Example 8-2 may be helpful. If only the first
approximation is desired, polynomials may be more natural than circular
functions, since the exact solution of a large number of simple conduction
problems js found in terms of polynomials rather than of circular functions.
Furthermore, because of the oscillating character of the higher circular har-
moniecs (Iig. 8-15), the convergence of the circular functions is slower than that
of polynomials. Nevertheless, circular profiles have two advantages: First, if
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First approximation
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Second approximation
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these are selected such that they constitute a set of orthogonal functions, the
evaluation of unknown parameters involves less algebra, because the products of
different harmonics vanish; second, the values of unknown parameters do not
depend on the order of approximation, since they are the Fourier coefficients in
the expansion of the exact solution (see Problem 8-1).

8-9. Kantorovich Method Extended

The Kantorovich method is conveniently applied to a general class of steady
two-dimensional problems characterized by the internal energy generation
uw'"’(z, y) in a region of the z-y-plane that is bounded by the curves y = =f(x)
and the straight lines x = a, £ = b on which the temperature remains con-
stant, say zero (Fig. 8-16).

Using the basic concept of the Kantorovich method, we may construct a
first approximation of the temperature distribution by leaving the z-direction
to be determined by an unknown function X (x) and satisfying the y-direction
by the equations of the boundaries ¥y = +f(z). Thus we have

0@z, y) = (f* — ¥y X(2)- (8-99)
Introducing Eq. (8-99) into Eq. (8-76) gives

[ 10 = X AR 2 g = DX
X (f2 — y?) sX dedy = 0,
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FIG. 8-16

and integrating this equation in the y-direction, we obtain the equation to be
satisfied by X as follows:

X 4 2f' X+ (S 4 ff” — 1)X = 38/8kf3, (8-100)
where

@) = [ W n(? — ) dy

In particular, when u”"’(z, y) is constant Eq. (8-100) reduces to
XY 42K+ (P f— DX = — W2k ($-101)

Three special cases of Eq. (8-101) are considered below:

(a) f(x) = 1 = const results in

5 5ul/l
XH_‘TZQX: HW’ (8‘89)

which is identical to Eq. (8-89) of Example 8-6, as expected.
(b) f(x) = ma yields the Euler (Cauchy) equation in the form

Sm® — 1) o s

2y i -z
vX" + ba X + 2m?2 dkm2’

(8-102)

whose solution is given in Section 3-3 (see Table 3-1).

(¢) fx) = ma"™, n = 0,n = 1 yields an equation reducible to a form of the
Bessel equation. The procedure, being rather involved, is not given here.

From Chapter 2 until now we have solved a number of problems by the
integral and variational techniques, as well as by the methods of exact solution.
Thus we have been able to compare the accuracy of different approximate
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methods. We have also become aware of the convenience of using approximate
methods for problems with complicated exact solutions,* and of the importance of
using them for those with no evact solutions. We now show how approximate
methods are easily applied to problems whose exact solution is not available.

Example 8-7. The uniform internal energy u'”’ is generated in a triangular
bar (Fig. 8-17). The surfaces of the bar are kept at zero temperature. We
wish to find the steady temperature of the bar.

According to the selected reference
frame, f(x) = z and m = 1. Equation
(8-102) gives then

22X" + 52X’ = — 5w/’ /4k.  (8-103)
The general solution of Eq. (8-103) is

5ulll

X(x)zA—l—%—

Since

. 2
}Lmo z“Inz — 0, FIG. 8-17

the condition of finite temperature at the origin, 6(0, 0) — finite, considered
with the combination of Egs. (8-99) and (8-104) yields B = 0. Then the other
boundary condition, X (L) = 0, gives

A = (5u"/16k) In L.

Introducing the values of A and B into Eq. (8-104) and the result into Eq.
(8-99) yields the first-order Kantorovich profile

01 O

The same problem may also be solved by the Ritz method. Thus we assume
a profile in the form
6z, y) = (2* — y*)(L — 2)ay, (8-106)

which satisfies all the boundaries; introducing this profile into Eq. (8-76) yields
L ore 2 2
/ / (—dagr + v /k)(x® — y)(L — z) dagdxdy = 0. (8-107)
0 —z
Integrating Eq. (8-107) with respect to z and y gives

ap = 6u’"’ /16kL.

* Recall the exact solution of Problem 3-30 for the case of constant pressure.
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Introducing the value of @ into Eq. (8-106) results in the first-order Ritz profile

S0 -0U-) o

Note that if we expand In (L/z) into a Taylor series around z/L = 1 as

In (L) = —In @/L) = (1~ o/L) + 301 — e/1)> — ...

then Eq. (8-105) may be rearranged in the form

a0 - 0D 36 ] o

Thus the Ritz profile given by Eq. (8-108) corresponds, except for a constant,
to the first term in the power series expansion of the Kantorovich profile, Eq.
(8-109). A similar relationship may be shown to exist between the Ritz and
Kantorovich profiles of other problems.

8-10. Construction of Steady Two-Dimensional Profiles

Let us now consider the general rules useful in constructing steady two-dimen-
sional profiles:

(a) The Ritz profile of problems nvolving zero temperature on the boundaries.
This case may be reduced to that of finding the equation of the boundaries
with respect to the selected reference frame. For example, a suitable Ritz
profile for the steady two-dimensional problem given by Fig. 8-18 may readily
be written in the form

0@ y) = ay(l — a/L — y/b)(1 + z/a — ¥/D(@0 + ez + byy - - - ),

where the first four factors, when separately equated to zero, give the respective
equations of the boundaries,

FIG. 8-18
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FIG. 8-19

Similarly, the Ritz profile of the steady two-dimensional problem of Fig.
8-19 may be constructed as

0z, y) = (@® — 2® — yI)b* — (& — ) — y(ag + arz + byy® -+ - - -),

where the first two factors are obtained from the equations of the circles. The
same problem may also be expressed in terms of polar coordinates in the form

0(r, ¢) = (@ — 7)(b® — d% — v? 4 2rd cos @) (ag - a17 cos @ + - - -).

In general, the Ritz procedure is powerful for handling problems involving
irregular geometry with boundaries kept at a constant temperature, say zero;
these problems are not suitable to exact analytical methods. However, when
the boundary conditions are other than those of constant temperature, the
Ritz profile often becomes difficult to contruct. The Kantorovich method is
also inconvenient for these problems. :

(b) The Ritz and Kantorovich profiles of problems involving regular geometry,
and nonzero temperature on the boundaries. By means of the principle of super-
position, the Ritz profile of these problems may be expressed in terms of prob-
lems having zero temperature on the boundaries plus one or more suitable terms
satisfying the nonzero temperatures on the boundaries.

Consider, for example, that the temperature of one boundary of a steady
two-dimensional problem is specified, say by a parabola, while the remaining
boundaries are kept at zero temperature (Fig. 8-20). Assuming 0(z, y) as the
temperature distribution to be found, a new function ¥(z, y) is defined such
that the difference 8(z, y) — ¥(z, y) satisfies the boundary conditions of the
problem. The simplest possible profile for this difference is

0, y) — ¥z, y) = /L)1 — /DT,

Here ¥(z, y), satisfying the homogeneous boundary conditions

1//(27, :'-_—l) = ¢(O) y) = \b(L; y) =0,
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can readily be determined. The Ritz profile of ¢(z, y) is
lp(x; y) = CIE(L — x)(l2 — yz)(ao —+ a1z + b1y2 . )

Unlike the Ritz profile, the Kantorovich profile requires no superposition,
and can be directly expressed in the form

0(z, y) = Toll — (y/D2[Xo(x) + ¥2X1(x) + - -],
subject to boundary conditions

Xo(0) =0, Xo(L) =1,
Xl(o) = 0; XI(L) = 07

On the other hand, if the nonhomogeneous temperature is constant (Fig.
8-21), the boundaries of the problem cannot be represented adequately by a
finite number of approximations. Here, expressing the uniform temperature
by an orthogonal (or nonorthogonal) set and leaving the z-direction to be
determined, we may conveniently employ the Kantorovich method. For

Y

\O
" o
(=3

FIG. 821
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example, using the orthogonal set which is the result of the characteristic-value
problem
Y 4 A%Y = 0, Y'(0) = 0, Yy = 0,

we may write the Kantorovich profile in the form

0, y) _ o5 U _ T
b = 27;) ) X, (x) cos My, Ml = (2n + 1) 57 M= 0,12, ...,

with the appropriate boundary conditions

this leads to the exact solution of the problem.
The Ritz procedure, requiring the superposition of two profiles, say,

8z, ) > (=" (x)”“ B T
2=y, y) + 2 —\F cos Apy, Al = (2n+ 1) 3>
nz::o (D) \L 2

fo n

=0,1,2...,

is tedious. Here ¢(x, y) vanishes on the boundaries of the problem.

(¢) The Ritz and Kantorovich profiles of problems involving reqular geometry
and heat transfer to the ambient. In terms of a product solution the problem is
reduced to the selection of one-dimensional problems in each direction of the
problem. For example, a Ritz profile for Example 2-1 with a moderate h (see
Fig. 8-14) may readily be written in the form

ota, = | (1+ ) - 2|1+ ) - oo+ (0 — 020 = 0)°

X [ay - agx + agz? 4 -+ + by + bsy® + -+
+039ﬁy+04$2y+055€y2+"'], x>0, y20,

and a Kantorovich profile may be written in the form

2
0(x, y) = [(1 + m) 1 — 2/2] Xo(x)
1 — X1 +yXe@) + v Xs@) -, ¥ =20,
together with the boundary conditions
b0 = 0, Xb(L) +  Xo(@) = O,

10) = 0, W) = Xy(L) =0,
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Profiles for irregular geometry with specified temperature or heat flux, or
heat transfer to the ambient, are often difficult to construct, and need further
investigation.

The procedure for steady two-dimensional cartesian problems may readily
be extended to steady three-dimensional problems. Similarly, steady one-,
two-, and three-dimensional problems of cylindrical and spherical geometry
require no additional basic knowledge.

8-11. Unsteady Problems

As with steady problems, by taking the governing differential equation of an
unsteady problem as the Euler equation of the desired variational formulation

we readily obtain
123
/ /( a—1§%5MWdh=Q (8-110)
H Jo at

where dU is the differential volume element. Although the proof is too involved
for us to consider here, it is possible to establish the equality of Eq. (8-110)
to the variational formulation, 67 = 0. Thus Eq. (8-110) will be used in this
section as an equivalent form of the variational formulation of unsteady
problems.

The difficulty in determining the timewise variation of the temperature
makes the Ritz procedure unsuitable to unsteady problems. However, if we
leave the time direction undetermined, the Kantorovich method may con-
veniently be used. We assume a profile,*

0(:07 t) = 0[1}7 TO(t)) Tl(t)y ] Tn(t)] (3_211)
which is specified in space, but depends on the unknown functions 7,(t),
T1(), . . ., To(f) in time. Inserting Eq. (3-211) into Eq. (8-110) gives
" 196\ (90 a0 90
2 —— —— —_— —_— - . —_— g
/tl L <V 0 4 6t> <67-0 619 + s 0Ty + + or. 67'n> dU dt 0.

(8-111)

Since Eq. (8-111) is true for an arbitrary time interval (¢4, ¢2), the integrand
relative to time integration must vanish everywhere in this interval. Thus we
have

2 196 60 a0 .

* See Section 3-10.
T This reasoning is identical to that following Eq. (2-138).
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Furthermore, since the variations 6rq, 671, . . ., 67, are arbitrary, their coeffi-
cients must vanish in Eq. (8-112), giving the equations

/<v20~}d99)8—9dv:0, i=0,1,2,...,n. (8-113)
o ;

After space integration, Eq. (8-113) yields (n 4+ 1) simultaneous ordinary
differential equations in terms of the unknown functions 7¢(&), 71(t), . . ., T.(0).

FIG. 822

Example 8-8. Let us find a first-order approximate solution for the problem
of Example 2-3.
Here Eq. (8-113) reduces to

L
8% 1 96\ o9

with the assumption that the time dependence is adequately described by a
single function 7o. Again the time domain is conveniently divided into two
regions.* In the first domain the penetration depth 7(¢) is less than the thick-
ness of the plate. The corresponding profile, in ¢ measured from the bottom
of the plate (Fig. 8-22), may be written in the form

17 2
(1) = 37670 <1 — i) - (8-115)

To
[Why can we not use the moving coordinate axis of Eq. (2-3) for the present

* See the integral formulation of Example 2-3.
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problem?] Introducing Eq. (8-115) into Eq. (8-114) and rearranging gives
TQ 9
11 _£ _ £) & |dro
/0 {T_o N %Kl 7'0) + 2( To) 7'0} dt}
_ Y BV E g =
x| (1= £) 4o S0

dr2 = 5adt.

The integration results in

The solution of this equation which satisfies the initial condition 74(0) = 0 is
To(t) = (hat)Y/2. (8-116)

Replacing 7y by L in Eq (8-116), we find that the penetration time of the heat
flux to the upper surface is*

to = L?/5a. (8-117)

The profile constructed from Fig. 2-42 for the second time domain of
Example 2-3,

0, 1) = (%{ );fL + (1 n )n, (2-193)

may also be used in the present problem. Thus, introducing Eq. (2-193) into
Eq. (8-114), we obtain

L
1, 1 ha®\ dry he  hx®\
/0 [E (q" = hri) (1 +% 2kL> P } (1 TE T ’2k—L> de = 0.

The integration gives the differential equation

[1 + = (hL> + 15 (hkL> JdTl & el (1 + %) (T1 — %”) —=0. (8-118)

The solution of Eq. (8-118), subject to 7,(ty) = 0, is

[ (U AL/RRGE — t)/pel ]|
Tl =7 {1 exp [ 1F @/3)(hL/k) £ (2/105)(hL/lc)2]}

Finally, the complete solution of the problem expressed in terms of £ is found

* Compare Eqgs. (8-116) and (8+117) with Eqs. (2-184) and (2-186), respectively.
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to be

4 2
0(¢, 1) = (%%) (5at)*'® [1 — (5—(15)75] v when 0<t<0, (8-119)

pin=3(=2) il - (@))

(1 4 AL/3k)h{E — to)/pcL
X {1 - e"p[“ T+ @/3)(hL/E) + <2/1°5><hL/k>2“’ when £ 2 fo
(8-120)

Example 8-9. Let us find the solution of the unsteady problem associated
with Example 8-3. Initially the system is at the ambient temperature. Then
the upper disk suddenly assumes the angular velocity w.

The dimensionless form of Eq. (8-114) suitable to our problem is

1
(0N g e 00100, )
/o[ap<pap> wpf + vp aJa‘”dp—o, 1=20,1,2,... (8-121)

where t = at*/R?2, t* being the actual time; the rest of the notation is the same
as that of Example 8-3.

Assuming an instantaneous temperature distribution identical to the steady
temperature given by Eq. (8-46),1 and replacing the parameters ag, @ with
the time-dependent functions ao(f), a;(f), we may write the unsteady profile
of the problem in the form

6(p, 7) = ao(t) + (3% — 20%)ax(0). (8-122)

Introducing Eq. (8-122) into Eq. (8-121) yields

1
/0 [6(2;) — 3p%)ar — u’plag + (3p° — 20%)ay]
d d
+ vp® — p[% + 3p” — 20%) —dat—lﬂ dp = 0,
1
/0 [6(2;7 — 3p%)a; — wPplag + (30 — 2p%)ai]

d d
+vp® —p [—(%0 + (30” — 2p%) %ﬂ (30® — 20°) dp = 0.

T See also Egs. (8-55) and (8-56).
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[8-11]
These integrals give the simultaneous differential equations
dag , 7 day o T o 2 3
d 10 @ THe T e =3 (8-123)
7 dag  2day | T 2 5,3 _ 4 -
20 dt 7 dt+2o”“0+<7:“ +5>ao—151/- (8-124)

By means of the linear operator D = d/d¢, Eqs. (8-123) and (8-124) may be

written in the operational forms
(D + w*ao + 75(D + p?ay = 3,
75(D + u¥ao + 2(D + p? + 2y)a; =

4
15V

Solving these equations for aq and a,, replacing D by d/dt, and solving the

resulting differential equations gives
2
w7 105 > (8-125)

2 2 16V
__ —u“t —(u“-}-840/57)¢t
aolt) = Ae™" + Be T 1712 <M2  840/57

p—s’ —(k24840/57)t 140v . B
a1(t) = Ce + De -+ T71(aZ -+ 840/57) (8-126)

To determine the relationship which exists among the constants A, B, C, and
D, Eqgs. (8-125) and (8-126) are inserted, for example, into Eq. (8-124). Thus

we have
A=0 B=—1D,

Introducing A and B into Eqs. (8-125) and (8-126), and using the initial

conditions ao(0) = 0, a,(0) = O results in
o — _ 84(9/5 + 14/u%) p— (7Y _16v(® 4105
T 171(u2 + 840/57)’  \10/ 171u2(u2 + 840/57)

Thus inserting the values of 4, B, C, and D into Eqs. (8-125) and (8-126),
and the result into Eq. (8-122) yields the approximate Kantorovich profile
oo, m) _ __16(u° +105) ) rgsaorsme | 140G30° — 20%)

v 171u2(u2 4 840/57) 171(u2 4 840/57)

For large values of time the foregoing Kantorovich profile approaches the steady

Ritz profile given by Eq. (8-47), as expected.
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8-12. Some Definite Integrals

Here, for convenience, we list the results of some definite integrals appearing
frequently in problems of variational calculus:

1
In! mdn
-/0 xm(l — x)" dxr = (’I’)’L——f—% l( + +1), (8—128)
1
2 2\m - 2m)! (2m4-1)
!

m n 2m) 11(2n) 1! md2n

/0 IR — ) dr = (2;% ’_? 221) oy L 2 (8-130)
1

m ” 2 DN L emaon

/0 2222 — ) iy = ((27’;”1 22& j_g))”z@ 2043 (8131)
— 1N

72 7|2 (ﬂmul)" ) m odd,

/ sin” ¢ dp = / cos™ ¢ dp = - (8-132)
0 0 (m— 1! 7w
T 5 ’ m even,
—1nn

w2 . i %, m or n odd,

sin™ ¢ cos” ¢ dop = (8-133)
° (mtn—Dx i neven
(m + a1l 2’ ’

where, by definition,

0!l =1, m! = m(m — H(m — 2)---,
ol =1, m!l = mim — 2)(m — 4) - - -

For integrals other than those listed above, the reader is referred to integral
tables.
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Problems

8-1. Reconsider Example 8-2. Find the first- and second-order approximate
solutions in terms of orthogonal circular functions by using (3) Eq. (8-23), (b) Eq.
(8-26). (c) Compare the complexity of the algebra involved in both cases. (d) Show
that the value of the unknown parameters is independent of the order of approxima-
tion. (e) Find the higher-order approximations by inspecting the first two approxi-
mations. (f) Show that part (e) is equivalent to the expansion of the exact solution
cosh u&/cosh u into a Fourier cosine series. (g) Compare the accuracy of the results
obtained using circular profiles with that of results obtained using polynomials, given
in Example 8-2.

8-2. In a small steam boiler, the rims connecting the furnace to the body are
made up of thin rods (Fig. 8-23). (a) Show that the steady temperature problem
agsociated with the rims can be made identical to a variational problem. (b) Construct
approximate temperature profiles in terms of polynomials. (¢) Find the temperature
of the rims by using the polynomials of part (b).

8-3. Condensing steam at temperature 7 flows through a thick-walled pipe
(Fig. 8-24). The inner and outer radii of the pipe are R;, &,, respectively. The heat
transfer coefficient between the outer surface of the pipe and the ambient is &, and the
ambient temperature is T.* Under steady conditions, (a) find the functional asso-

Furnace

FIG. 8-23

* This problem is the steady case of Problem 7-24.
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ciated with the temperature of the pipe walls; (b) construct approximate temperature
profiles in terms of polynomials; (¢) obtain the temperature of the pipe walls by using
the polynomials of part (b).

84. Reconsider Example 8-3. (a) Find the third-order approximation of the
temperature of the disks in terms of polynomials. (b) Compare the centerline tem-
perature of the third-order approximation to that of the second-order approximation
as a function of u.

8-5. A flying object of solid conmical shape receives the peripheral radiant heat
¢’ (Fig. 8-25). The ambient temperature is T, and the heat transfer coefficient is .
The bottom radius and the height of the cone are b and L, respectively, such that
b/L << 1. (a) Find the functional associated with the steady temperature of the
object. (b) Obtain an approximate temperature distribution in terms of polynomials.

8-6. Reconsider Example 8-4. (a) Find the first two approximations of the steady
heater temperature for a large heat transfer coefficient by using the Ritz and Kantoro-
vich profiles expressed in terms of circular functions. (b) Compare the accuracy of
these circular profiles with that of profiles based on polynomials, using the first
approximations only. (See Examples 8-5 and 8-6.)

Insulation

FIG. 8-26 FIG. 8-27
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FIG. 8-28

FIG. 8-29

I4

8-7. The internal energy w"’ is generated uniformly in a solid triangular rod
(Fig. 8-26). The heat transfer coefficient is large. Calculate the steady temperature
of this rod, using Ritz and Kantorovich profiles expressed in terms of polynomials.

8-8. The internal energy «'"’ is generated uniformly in a rod whose cross section
is shown in Fig. 8-27. One surface of the rod is insulated while the others transfer heat
to the ambient with a large heat transfer coefficient. Calculate the steady temperature
of this rod, using (a) cartesian Ritz and Kantorovich profiles expressed in terms of
polynomials, (b) polar Ritz profiles.

8-9. Generalize the procedure given in Section 8-9 to polar geometry, as follows.
(a) Using Fig. 8-28, find the formulas equivalent to those of Egs. (8-100) and (8-101).
(b) Apply the result of Fig. 8-28 to the problem given by Fig. 8-29.

8-10. Write a steady Kantorovich profile for the problems shown in Fig. 8-30.
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FIG. 8-31

8-11. The internal energy v’ generated uniformly in the core of a nuclear reactor
is removed by a coolant flowing at temperature To through the core (Fig. 8-31).
Find the first two approximations of the core temperature under steady conditions,
assuming (a) a large heat transfer coefficient, (b) a moderate heat transfer coefficient &
between the core and the coolant.

8-12. Reconsider Example 2-2. Find the first two approximations of the tem-

perature of the fuel plates, assuming (a) a large heat transfer coefficient, (b) a moder-
ate heat transfer coeflicient 4 between the plates and the coolant.

8-13. Re-solve Problem 5-11. 8-14. Re-solve Problem 5-12.
8-15. Re-solve Example 5-7. 8-16. Re-solve Problem 5-18.
8-17. Re-solve Problem 5-22. 8-18. Re-solve Problem 5-24.

8-19. Find the first- and second-order profiles of the unsteady problem associated
with Example 2-1.

8-20. Find the first-order profile of the unsteady problem associated with
Problem 8-7.



CHAPTER 9

DIFFERENCE FORMULATION.
NUMERICAL AND GRAPHICAL SOLUTIONS

Except for a few trivial cases, so far we have considered only single-domain
problems of regular geometry. When the boundaries are irregular, that is, not
parallel to coordinates of a system, or when we are dealing with a multidomain
problem, there is no exact solution available by the known analytical methods.
We learned in previous chapters that many problems of this type are solvable
by the approximate integral and variational techniques; however, even these
techniques are not flexible enough to handle all irregular geometry and/or
multidomain problems. The difference method is the only procedure suitable
particularly to these problems. Hence we devote this chapter to the difference
formulation and its solution by numerical and graphical means. The analog
solution of the same formulation will be the subject matter of Chapter 10.
Since the difference formulation of steady problems requires solution tech-
niques different from those used for unsteady problems, we shall investigate
steady and unsteady problems separately.

9-1. Difference Formulation of Steady Problems

First we shall consider two-dimensional cartesian geometry; then we shall
extend the results to three-dimensional cartesian geometry, and to cylindrical
and spherical geometries. We illustrate two-dimensional cartesian geometry
in terms of Example 2-1 (Fig. 9-1).

Let us follow again the five steps of the formulation (see Section 2-9) and
rearrange them for the difference formulation.

B To
y
B Te
u/// —_———————
0 xX
1
L I
FIG. 9-1

483
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2L

Ay

Az

(a) (b)
FIG. 9-2

(i) Define a system by subdividing the electric heater into a number of
squares of small but finite size, forming the so-called network (Fig. 9-2a). Here
a square network is chosen for convenience only. The geometry or other factors
may indicate the use of rectangular, triangular, or hexagonal networks instead
(see Section 9-4). Tor example, suppose that the geometry of the electric
heater of Fig. 9-2 did not permit a square network of desired size. Then the
use of a rectangular network or a suitable combination of square and rectangular
networks would become necessary. The intersections of networks are called the
nodal points P, and are identified by two subscripts, say ¢ and j, to indicate
the row and the column of the point, respectively. Nodal points are classified
according to their location as inner and boundary nodal points. The system
for a typical inner nodal point is shown in Fig. 9-2(b). The systems for boundary
nodal points are considered in step (v) of the formulation.

(i) State the general law in terms of the system defined by the preceding
step. The first law of thermodynamics applied to the system of Fig. 9-2(b)
gives

0=¢1(dy-1) + ¢j—1(dz- 1)

+ @1y - 1) + gypa(dz- 1) + (A Ay - 1), (9-1)
where 1 denotes the unit thickness. The directions of heat fluxes are arbitrarily
selected toward the nodal point for algebraic convenience. Thus all signs
appearing in Eq. (9-1) are made positive.

(i1i) State the particular law in terms of the preceding steps. Relating ¢;_q,
¢j—1, Gis1, and g; 41 to the temperature by Fourier’s law of conduction we have

Ty, — Ty N e
iy v VR (9-2)
— Ti+1,j — Ti,j — L Tz',j+1 - Ti,j ,

qi41 = Az ’ qi41 = Ay
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where 7' denotes the temperature, with appropriate subscripts corresponding
to the nodal points.

(iv) Obtain the governing difference equation by inserting Eq. (9-2) into
Eq. (9-1). Noting that Az = Ay (say Al), and assuming the material of the
heater to be homogeneous and isotropic, we find that

Ticai+ Tojo1+ Tigry+ Tijyr — 4T ; + w'(AD)3/k = 0. (9-3)

Eq. (9-3) applies equally to all inner nodal points of Fig. 9-2(a).

(v) Write the boundary conditions in terms of typical boundary nodal points
and their associated systems, shown in Fig. 9-3(a) and elaborated in Fig.
9-3(b, ¢). Note that the difference form of boundary conditions, unlike their
differential form, is related to a volume. Thus the statement of this form of
boundary conditions requires that the first four steps of formulation be applied
to the boundary systems shown in Fig. 9-3(b, ¢).

The first law of thermodynamics applied to the system of Fig. 9-3(b) gives

A A A
0= qi1 (EQ . 1) + ¢i—1 <7x . 1) + ¢it1 <_22. 1>

Ax A
+ git1 (%—“ 1) o (7” 5 1)- (9-4)
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Relating ¢;—; and g;41 to the temperature by the definition of 4,
g1 = gy1 = h(Tw — Ty,
and ¢;_; and g;y1 to the temperature by Eq. (9-2), and noting that

Arx = Ay = Al,

we have

1 h Al h Al " (AD®
5 <Ti,j—1 + Ti+1,j> — (1 + T) Tij+ = To+ L ik L 0. (9-5)

Equation (9-5) applies to the corners of the heater. Following the foregoing
procedure in terms of Fig. 9-3(c) we find that the difference equation for the
remaining boundaries is

1 h Al h Al w'” (Al)?
5 <Ti—1,j + Ti+1,j> + Tij—1 — (2 + T) Tij+ 7 To+ 2(k ) — 0.

(9-6)

Thus the formulation of the problem is reduced to a set of simultaneous alge-
braic equations composed of three typical equations given by Egs. (9-3), (9-5),
and (9-6). (How many equations and unknowns?) The numerical solution of
these algebraic equations will be discussed in Section 9-7.

9-2, Relation Between Difference and Differential Formulations

In Section 2-9 we learned that problems may be formulated according to the
physical or the mathematical approach. Throughout the text, we have pre-
ferred to use the physical approach, and in the preceding section we obtained
the difference formulation of steady problems by that same approach. Now,
using the mathematical approach, we shall show the relation between the
difference and the differential formulations. For this purpose, consider again
the differential formulation of Example 2-1. From Chapter 2, we have

T | °T | w”

Fre + a7 + = 0. (2-128)

Since Eq. (2-128) applies locally, it may be written for an inner nodal point

P, ; as follows:
’T | 9T | W
(é)—xz tar T T)Pm =0. ©-7)

Now, replacing the partial derivatives by the equivalent difference forms yields

9T (AT _ A(AT/A)
92 pi’j_ Ax? pm._ Az

(9-8)

Pyj
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where A, denotes the difference in the direction of z. The numerator of the last
expression in Eq. (9-8) is simply the difference in A,T/Az at point P, ; in the
direction of z. It follows from Fig. 9-4 that

o’T _ VY (Tipri — Tii Tii — Tivyg
0x?)p,. Az Az Az

1
= g2 (Tig1,5+ Tioa,; — 2755, 9-9)

Similarly,

a2
577 ). (Ay)2 (Tiju1 4+ Tij1 — 2T4)). (9-10)
1]

Introducing Eqgs. (9-9) and (9-10) into Eq. (9-7), and again assuming a square
network so that Az = Ay = Al, we obtain Eq. (9-3), as expected. [Obtain
the difference form of the boundary conditions from their differential form.
Is the result identical to Eqgs. (9-5) and (9-6)? Why?]

9-3. Error in Difference Formulation

We now investigate the error involved in the difference formulation of steady
problems, again in terms of Example 2-1. Recalling the expression of the one-
dimensional Taylor series in the neighborhood of a point, say {o,

T(t) = T(to) + (& — %o) <‘;—?)I= T 0)2@({); o

L s(€°Ty L1 1 d‘*T)
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we may express T 15, Tsi1,5, Ts5—1, and T; ;41 in terms of T ; as follows:

B aT 1 an? *T
Tiogy=Ts; — A2 <(~)x> 2! (az) <3x2>1°¢,j
6903 4115\ gat Py ’
B oT 1 2 (9°T
Tivrj= Tij+ Ax <6x>19m- T (az) <ax2>Pi g

3T 9T
SV(A )3 (ax3> 41 (Az )4< dxt )P,;,j—‘_”"

BT
Ly >3(ay3) .<A>(ay4) e
9T 1 92T
Ti,j—}-l = TZ J + Ay( y> Py + g (Ay)2 <6—y2)Pm-

9T 1 T
Lo (Z8), +han (%), +-

Adding these expressions together, we have for a square network

Ti——lyj Ti,j—l TH-I,J' Ti,f+1 4Ti J
— 2 (9 _
= (AD) ( ax72 + 52 > 1 O[ahY,  (9-11)

where all terms containing fourth or higher powers of Al are included in O[(Al)%]
Combining Eq. (9-7) and (9-11), we obtain

Tivi+ Tijo1+ Tigrj+ Tijp1 — 4T:; -+ w"(AD?/k = O[(AD?]. (9-12)

Neglecting O[(Al)#], which becomes smaller as Al — 0, we obtain the difference
formulation given by Eq. (9-3). This formulation is therefore an approximation
to the differential formulation only when (Al)* is small. O[(Al)?] is called the
truncation error of Eq. (9-3). Clearly, this error is minimized by selecting as
small a network as is practicable. On the other hand, since the smaller the
network, the larger the number of nodal points and associated difference equa-
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tions, from the viewpoint of the algebraic simplicity of the solution we would
prefer to select as coarse a network as possible. The best network size is there-
fore a compromise, and there is no rule other than insight and experience for
choosing the optimum size in a given situation. Until much practice has been
gained, the only way to judge the errors introduced by too coarse a network
is to check the change in temperature with successively finer networks.

9-4, Finer, Graded, Triangular, and Hexagonal Networks

To determine the accuracy of a given difference formulation, it is necessary
to formulate the problem for at least two different sizes of network. Successively
finer networks may be chosen, often each to have squares one-quarter as big as
those of the previous network.

A2

i
N
7/
N

e— AL — |t

A2 FIG. 9-5

In the difference formulation of some problems a fine network may be
needed only in some part of the integration domain. For example, we may
wish to have a greater accuracy in one part of the solution; or for the same
accuracy we may be forced to a smaller network in one part of the field than
in the remainder because the temperature may be varying more rapidly in that
part. It is possible, of course, to extend the fine network to the entire domain,
but this would entail unnecessary expenditure of time and effort in the solution.
Therefore, it is convenient to know how to use networks whose size differs in
different parts of the field. A network which exhibits this feature is said to be
a graded network. We may illustrate the point on a two-dimensional network by
halving one part of the network while keeping the remainder unchanged
(Fig. 9-5). (Note that an intermediate network of side Az/+/2 is required to
join the coarse and fine networks and that the intermediate network is oriented
at 45° to the other two networks.)

It is geometrically possible to cover an integration domain by a uniform
network made of squares, or equilateral triangles (Fig. 9-6a), or equiangular
hexagons (Fig. 9-6b). So far we have dealt with square networks. On rare
occasions the triangular or hexagonal networks are also used. For example, if
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(a) (b) ~ TFIG. 9-6

the shape of the boundary is such that a triangular or hexagonal network
exactly fits to the field, it is more convenient as well as more accurate to employ
these networks. *

9-5. Cylindrical and Spherical Geometries

We now consider the difference formulation of eylindrical problems. Since no
additional concept is needed for spherical problems, we leave these to the
reader as an exercise. Let us illustrate the cylindrical case in terms of the electric
heater of Problem 4-20 (Fig. 9-7). In accordance with the physical approach,
we take the appropriate systems as indicated on one-quarter of the heater in
Fig. 9-8.

hy T

By T oo ITB
A _

w’’’

L FIG. 9-7

TFor the system corresponding to a typical inner nodal point the first law of
thermodynamics gives

0= Qi_127r<Rm — %l) Al + ¢;_127R,, Al
+ qip12m (Rm -+ %%) Al + g5 412T R, AL - w21 Ry (AD)2. (9-13)

* For further discussion of triangular and hexagonal networks see, for example, Ref-
erence 3, Chapter 10 and Reference 11, Chapter III.
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FIG. 9-8

We may relate the heat fluxes of Eq. (9-13) to the temperatures by Fourier’s
law as stated by Eq. (9-2), provided Eq. (9-2) is interpreted in terms of polar
coordinates and a common difference length Al is used; thus we obtain the
difference equation

Al Al
Tij—1+ Tijr1+ (1 - 2Rm> Tiai+ <1 + ﬁ—”) Tiv1,s

WA
I -

— 4T, ; + 0. (9-14)

For the system corresponding to a typical centerline nodal point the first
law of thermodynamics gives

(Al
e

2 2
+ qiprm ALAL 4 g4 L(ilL + u zr_(%l)_ Al (9-15)

0= g
Expressing the heat fluxes of Fq. (9-15) by means of the appropriate form of
Fourier’s law, we have

u”’(Al)? o

Tivr;+ 2(Tij—1 + Tijp1) — 8745 + 7Y 0. (9-16)
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Similarly, for the typical boundary nodal point indicated in Fig. 9-8 we get

Al h Al Al
(1 — ﬁ) Ti v+ #Tije1 — Tijyr) — <2 + 2R> T;,;

QAZ ”’(Al)2
+ To b =55 2k

= 0. (9-17)
(How many types of difference equation does the foregoing problem have?)

The difference equations given by Eqgs. (9-14) and (9-16) may also be
obtained by the mathematical approach, that is, by considering the term-by-
term difference approximation of the differential equation

_ﬁ+l<ﬂ’+_+%: 0. (9-18)

Jr2 r or dz2
However, it should be noted that the nodal points on the axis r = 0 are excep-

tional; there the term (1/7)(87/dr) in Eq. (9-18) is indeterminate and must
be replaced by its limit as » — 0. It follows from L’Hoépital’s rule that

limla—TZ limaT/ar—>a T,

r—0 7T ar r—0 r 87‘2

Because of the inherent nature of cylindrical problems, the use of a logarith-
mic scale in the radial direction improves the difference formulation and hence
the accuracy of the solution of these problems, but at the expense of increased
labor. When the boundaries of a cylindrical problem are arcs of concentric
cylinders, it is possible to bring these boundaries into a more convenient (car-
tesian) shape by conformal mapping.*

9-6. Irregular Boundaries

Let us reconsider Example 2-1 as discussed in Section 9-1, but assume that
the boundaries of the electric heater are now irregular and therefore not suitable
to simple coordinate systems (Fig. 9-9). In practice, such irregular geometry
often occurs—for example, in turbine blades. This type of problem could be
solved by approximating the boundaries in terms of, say, a cartesian coordinate
system as shown in Fig. 9-9(b). However, the approximation thus introduced
may not always be desirable. It is therefore of vital importance that we be
able to apply the techniques of difference formulation to irregular geometry.
This may, in fact, be done, although only at the expense of the introduction of
modified difference equations. Figure 9-9(a) and its elaboration in Fig. 9-9(c)
show the typical system suitable to irregular geometry. The first law of thermo-

* See, for example, Reference 7, p. 317.
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dynamics applied to this system and rearranged by Fourier’s law yields

2

ﬁs z+1]+

2
Ti;-1+ ) T ;

Tijon — 2 C} 4 g> 7,4 AN (Al) —0.  (9-19)

1 —|—
e
Equation (9-19) reduces, as of course it should, to Eq. (9-3) as £ — 1 and
7 — 1. By a procedure analogous to that used in Section 9-3, we may also
obtain Eq. (9-19) using the appropriate Taylor series expansion of Eq. (9-7).
It is possible to show by this procedure that the terms neglected in Eq. (9-19)
are of O[(Al)3]. Therefore, for a given size of network, there is more approxima-
tion introduced in a boundary difference equation when the boundary is irregu-
lar than when it is regular.

9-7. Solution of Steady Problems. Relaxation Method

In the preceding sections we have learned how to reduce the formulation of
steady problems to a set of algebraic equations by means of the difference
method. We know from mathematies, in principle at least, how to solve these
equations by elimination or by determinants. However, when the number of
equations increases, say to 10, 20, or even more, the labor required in the use
of these procedures becomes excessive, and we are forced to employ other tech-
niques, such as the use of high-speed computers and the relazation method.
Computers may be classified as analog and digital computers. Analog
computers include devices which replace the : iysical variables by electric
potentials; their over-all accuracy is limited to the range 0.1-59,. In digital
computation all numbers are quantized ; there is no clear bound on the accuracy
attainable. Despite the astonishingly rapid development of computers in recent
years, common-language digital computers are not yet available. Therefore,
there is still no place for digital computer solutions in a text of this nature.
The analog solution of unsteady problems will be discussed in the next chapter.
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Here we consider the solution of algebraic sets by the relaxation method only.
However, the reader is urged to solve suitable problems of this chapter by means
of available digital computers.

The basic rule of relaxation and some of its widely used modifications may
best be explained by employing them to solve a simple pair of algebraic equations,

3z — y = 65, —x 4 2y = 40. (9-20)

We first rearrange these equations with all their terms on one side, then replace
the zeros on the other side by the residuals B, and R5 as follows:

R, = —3z -+ y -+ 65 Ry = ¢ — 2y + 40. (9-21)

The basic rule of relaxation is to start with a pair of z and y, and while intro-
ducing orderly changes in the values of z and y, to reduce the currently larger
residual to zero, or as nearly zero as desired. The starting values for z and y
are, in general, arbitrary for algebraic equations, so they may conveniently
be taken equal to zero. However, for problems of physical significance, a
thorough understanding of the problem and past experience with similar prob-
lems may make it possible to select starting values different from zero, thus
shortening the labor of solution to a large extent.

An operation table, which shows the effect on the residuals of a positive unit
increment in the variables z and y, is convenient in the reduction of residuals.
For the problem under consideration, the operation table is

AR, | AR,
Ax=1 | —3 1 (9-22)
Ay =1 1| —2

where A denotes an incremental change in a quantity. Note that the change
Az or Ay affects both residuals.

Starting with the value of zero for both z and y, we may systematically
carry out the algebra in a relaxation table as shown below.

z Y B, By
0 0 65 40
22 —1 62
31 30 0

10 0 10 (9-23)
5 5 0
2 —1 2
1 0 0
34 37 0 0
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Thus, following the basic rule of relaxation, first we change the value of z by
Ax = 22 in order to reduce the larger residual (almost) to zero. This operation
decreases x by —66 and increases y by 22, as may readily be seen from the
operation table. The same operation reduces B; to —1 and increases R, to
62 in the relaxation table. Second, we increase the value of y by Ay = 31,
which reduces R to zero and increases Ry to 30 in the relaxation table, and so
on. Note the convergence of the process by observing the continual decrease
in the sum of the residuals as the process continues. - Since in the last line of the
table the residuals are reduced to zero, the final values * = 34 and y = 37
actually are the exact solution of Eq. (9-20). This may easily be verified by
inserting these values into one equation of Eq. (9-20).

In the preceding relaxation table, first we worked with integer numbers
and obtained a solution correct to the nearest integers. If necessary, the cal-
culations may be refined to the first decimal place by means of decimal incre-
ments, and so on.

One important advantage of the relaxation method is that if errors are made
in the process of solving a problem, we do not need to go back and check each
step of the solution procedure. The effect of errors may quickly be removed
starting from the erroneous result. For example, in the pair of algebraic equa-~
tions under consideration, suppose that the value 65 of K in the relaxation
table (9-23) is accidentally taken to be 55, and the table is completed accord-
ingly, as shown on the left below.

z Y Ry R, x Y By R,
0 0o | 65| 40 30 | 35 | 10 0
18 1\ | 58 3 1 3
29 | 30 0 Error 2 3 | —1
10 0 | 10 1 0 0
5 5 0 ;
9 ] o 34 | 37 0 0
1 0 0
30 | 35 | 10 0

The error becomes evident from the fact that R in the last line, obtained by
inserting x = 30 and ¥y = 35 into the first equation of Eq. (9-21), does not
agree with R, in the preceding line, obtained by the relaxation procedure. We
do not need to know the location of the error—we simply carry on the table
until the residuals are actually reduced to zero, as shown on the right above.
This time, inserting the values 34 and 37 into Eq. (9-21), we observe the agree-
ment between residuals. No relaxation procedure may be assumed complete
without this final check.

The basic rule of relaxation, the continual and systematie reduction of
residuals to zero, may readily be applied to the solution of more complex prob-
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lems. However, by three widely used modifications of this rule—overrelazation,
block relaxation, and group relaxation—and with a little attention, considerable
time and effort can be saved. We next consider these modifications.

It is clear even before numerical computations that the use of the basic rule
in the first step of relaxation reduces R, but increases Rs; in the second step
R, is reduced but R; is increased, and so on. Now, instead of reducing R; in
the first step, it is, of course, possible to deliberately make it negative such
that the second step yields a smaller value for R; than that obtained by the
basic rule. This procedure is known as overrelaxation. To what extent R,
should be made negative is a matter of experience. However, assuming the
convergence of residuals as the relaxation procedure continues, we may take an
increment of about half as much as that which reduces R, to zero. Thus,
instead of the increment Ax = 22 obtained by the basic rule, we deliberately
overrelax z about 509, and take Ax = 33. The remainder of the relaxation
table is completed by the basic rule, as shown below.

X Y Rl Rz
0 0 65 40

Overrelaxation 33 —34 73
37 3 —1

1 0 0

34 37 0 0

A second and even more important modification of the basic rule is known
as block relaxation. This procedure consists of using a unit block operation;
that is, we apply increments to all unknowns simultaneously. For our illustrative
example the unit block operation is Az = Ay = 1; the corresponding change
in residuals may be calculated directly from Eq. (9-21) or by adding together
the changes produced by the basic unit operations in the operation table (9-22).
Thus we have the operation table shown below.

ARy | AR,

Az =1 —3 1

Ay = 1 1| —2

Unit block operation Az = Ay =1 —2 —1

We now start a new relaxation table, reducing the initial value of both residuals
simultaneously by a block relaxation. Note that the sum of the initial residuals is
105(= 65 + 40), and the unit block operation affects a change in that sum of
—3(= —2 — 1). First considering the block operation Az = Ay = 35(105/3),
next completing the table by basic operations, we obtain the following table.
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z y R, B,

0 0 65 40

Block relaxation 35 35 —5 5
2 | —3 1

—1 0 0

34 37 0 0

The third modification of the basic rule is group relaxation, which consists
of using different increments on some unknowns. In general, in a group relaxa-
tion our objective is to cause certain residuals to be of the same order but
different in sign. These residuals may then be rapidly reduced by basic opera-
tions. The extension of our operation table (9-22) by a suitable group operation
is as follows.

AR; | AR,

Ar =1 —3 1

Ay =1 1 —2

Group operation Ar = 3, Ay = 4 —5 —5

In terms of this group operation we begin a relaxation table with a group relaxa-
tion and obtain the table shown below.

x Y R, R,
0 0 65 40
Group relaxation 30 40 15 | —10
5 0 —5
—3 | —3 1
—1 0 0
34 37 0 0

Because of the triviality of our illustrative example, we had to employ over-
relaxation, block relaxation, and group relaxation procedures at the beginning
of our relaxation tables. In actual cases these procedures should be adopted
at whatever point they are appropriate.

Here we terminate our study of the relaxation method. However, the reader
is urged to consider, within the spirit of the method, the possibility of further
modifications of the basic rule of relaxation in conjunction with special situa-
tions. Now, starting with a trivial example, we illustrate the use of the relaxa-
tion method by applying it to the solution of three examples of physical
significance.
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Example 9-1. Consider a flat plate of thickness 2. = 41in. Assume that
internal energy is generated in this plate at the rate of

w"’ = 14,400 Btu/ft3-hr.

The thermal conductivity of the plate is k& = 10 Btu/ft-hr-°F. The ambient
temperatures are 50°F and 100°F. The heat transfer coefficients are large.
We wish to find the temperature distribution in the plate.

Let us assume a somewhat crude network, and divide the plate into four
equal parts of thickness Az. The temperatures of the nodal points are denoted
by Tg, Ty, Ts, T3, and T4. Since the surface temperatures are given, the only
temperatures to be determined are Ty, T9, and T'3.

e~ _

-y’’’

% T3 p——100°F

Ty Ty

50°F

AL~ Ax—wle—Ax—]

FIG. 9-10

We apply the first law of thermodynamics to the typical system shown in
Fig. 9-10; the result related to the temperatures by Fourier’s law gives

0= To+ To — 2T + W' (Ax)%/k.

The difference equations corresponding to nodal points 2 and 3 are the same,
provided the temperature subscripts are changed accordingly. Noting that

W (Az)®  14,400(1/12)°
ko 10

—= 10°T, (9-24)

and introducing the residuals E,, Rs, and R3, we have
Rl - T2 - 2T1 ‘}— 60,
R2 - T1 + T3 - 2T2 + 10, (9—25)
Ry =T, — 275 + 110.
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We then have the following operation table.

ARy, | AR, | AR,

AT =1 —2 1 0

AT, =1 1 -2 1

AT3 =1 0 1 —2

Block ATy = ATy, = AT; = 1 —1 0 —1

In the absence of energy generation the temperature distribution would be
linear, and we would have Ty = 62.5°F, Ty, = 75°F, and T'5 = 87.5°F. The
energy generation should increase these temperatures by about 10°F according
to Eq. (9-24). However, if we add this amount to T'y, then Ty and 7' must be
augmented by an amount between 5°F and 10°F.* Assuming, for example,
7.5°F as the temperature to be added to these temperatures, we may start our
relaxation table with

where the residuals have been evaluated from Eq. (9-25). The equality of these
residuals suggests the search for a group operation affecting the residuals equally.
In fact, after a few trials, we find the appropriate extension of the operation
table.

AR1 ARz AR3

Group I AT, = AT3 =1, AT, = 2 0 —2 0

Group 11 ATy, = ATy = 3, ATy =4 —2 —2 —2
= Group I 4+ 2 Block

Now the relaxation table may be easily completed as shown below.

T, B, Ty B, Ts R

70 5 85 5 95 5
7.5 0 10 0 7.5 0

77.5 0 95 0 102.5 0

* See the temperature distribution sketched in Fig. 9-10, and note the straight line
connecting To to Ta.
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Despite the crude network used, the foregoing temperatures correspond to the
exact values of these temperatures (why?).

Example 9-2. Two surfaces of a square rod are kept at 100°F, while the
other two surfaces are kept at 0°F. We wish to find the temperature distribu-
tion in the rod.

Let us assume the network shown in Fig. 9-11. Clearly, a finer network
would be necessary to represent the temperature distribution; here, however,
our purpose is to demonstrate the features of the relaxation method rather
than to obtain an accurate solution. Because of the thermal symmetry of
the problem, we need consider only the temperature of the four locations indi-
cated in the figure. The corresponding difference equations, modified by the
residuals, are

R, = 2T, + 2T5 — 4T,

Ry =T+ 274 + 100 — 4T,
Rs = T+ 2T, — 4T,
Ry=Ty+ T3+ 100 — 4T,

f

Thus we have the operation table shown below.

AR, | ARy | AR3 | ARy

AT, =1 | —4 1 1 0

AT, =1 2 | —4 0 1

AT; =1 2 0 | —4 1

AT, =1 0 2 2 | —4

Now we may start the relaxation table by guessing the temperature of locations
1,2, 3, and 4. The exact temperature of location 1 is Ty = 50°F (why?). Then
a linear interpolation gives Ty = 75°F and T3 = 25°F; the corresponding
residuals are as follows.

The values of these residuals suggest the use of a group operation which inversely
and equally affects R and Rz without influencing R; and R,4. Inspection of the
part of the operation table already established reveals the desired grouping as
shown below.

1 AR, ‘ AR, t AR ] AR,

Group ATy = —1, AT3 =1 l 0 ’ 4 '—4[ 0
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The appropriate difference equations, modified by the residuals, are

Ry = 2T, + 100 — 4T,

Ry = Ty Ty + 100 — 4T,
Ry = Ty + T3 + 100 — 4T,
Ry = 2T, — 4T,.

Then we have the following operation table.

ARy | ARy | ARy | AR,

AT3 =1 0 0 1 | —4

Next we start guessing the temperature of the nodal points. Because of the
thickness of the chimney, the temperature is approximately one-dimensional
in the neighborhood of the nodal point 0. Thus we have Ty = 50°F and, by
assuming a parabolic distribution between the nodal points 0 and 4, T = 47°F,
Ty = 38°F, and T3 = 22°F. The complete relaxation table is shown below.

TO RO T1 R1 Tz R2 T3 R3 Steps
50 | —6 47 0 38 17 22 | —12 Start
4 4 1 —4 1
GroupI —1 0 1 0 1 | -3 | -1 2 2
-1 | -1 1 0 3
—06} —0.3 0.2 0.7 4
0.4 02| —01 0.4 5
—0.2 0.2 0.2 6
0 0.1 0 7
Group II 0.1 0 0.1] —0.1 0.1 8
48.9 0 478 | —0.1| 422 01| 211 0

Note that we start with the basic rule. Then the resulting residuals suggest
the following group operation.

1 AR, [ AR, ] ARs 1 AR,

GroupI ATo=AT;=—1, ATy =AT;=1| 6 | —4 | —4 | 6

After the fourth step calculations are refined to the first decimal place; again
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we employ the basic rule except in the eighth step, which implies the group
operation shown below.

) AR,

AR, } AR, | AR,

Group 11 ATy = AT; =1 *—2 l —3} 1 ‘ 0

Inspection of the residuals of the third and eighth steps reveals that these differ
by a decimal point only. This property allows us to carry the solution of differ-
ence equations o an unlimited number of decimal places. For example, the
results to be obtained by carrying the calculations to the next decimal place
would give Ty = 48.89, Ty = 47.78, Ty = 42.22, and T = 21.11, and the
residuals By = 0, Ry = —0.01, By = 0.01, and R; = 0. However, it should
be remarked that the foregoing improvement in accuracy has no effect on the
approximation involved in the difference formulation of the problem.

9-8. Difference Formulation of Unsteady Problems. Stability

As with steady problems, we introduce the difference formulation of unsteady
problems in terms of an illustrative example taken from cartesian geometry.
Thus we consider a flat electric heater plate of negligible thickness between
two plates of thickness L, density p, specific heat ¢, and thermal conductivity %
(Fig. 9-13). The energy generated in the heater is transferred through the
plates to the ambient. The heat transfer coefficient is large, and the tempera-
tures are measured relative to the ambient temperature.* Assume now that
the heater is turned off. We wish to find the difference formulation of the sub-
sequent unsteady problem.

q// q//

B e

Electric heater

TN [
/ \ System

/|

Tlnitial temperature

i— INING+1
\I_JL/AJ-—-.J.,JNJJU

L L FIiG. 9-13

* The initial steady problem is a special case of that associated with Fig. 2-15.
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FIG. 9-14

Applying the first law of thermodynamics to the system shown and elab-
orated in Figs. 9-13 and 9-14, respectively, and relating the result to the
temperatures by means of Fourier’s law, we obtain

TR 1P TRy — TV T — 17
and subsequently
T+t — T} = AFo (T, — 277 + Tty), (9-27)

where, as before, the subscripts denote locations; the newly introduced super-
scripts denote time intervals, and AFo = a(A#)/(Az)? is Fourier’s modulus
based on the difference values of time and space.

If we know the temperatures 77, 177, and T7_, as well as AFo, the temper-
ature change at location ¢ from T7 to T?"! during the time interval

(n+ 1) At — n At

may be found from Eq. (9-27). Clearly, selecting some values for the intervals
At and Az, and getting the value of ¢ (for the plate material) from a table of
properties, we can evaluate AFo. Postponing comment on the solution of
unsteady problems to Section 9-9, let us assume for the time being that we have
carried out the calculations for two slightly different values of AFo, say <% and
5. This corresponds to slightly different values for the time intervals if the
plate is divided into the same equal subintervals, say 10, for both cases. The
results are compared with the exact solution in Figs. 9-15 and 9-16. Inspection
of these figures reveals that although the results corresponding to the value
AFo = { are quite satisfactory, those corresponding to AFo = § are influ-
enced by some sort of accumulated and amplified error. The phenomenon
occurring in the latter case is called ¢nstability. The error thus introduced has
nothing to do with the truncation error discussed in Section 9-2 or the round-off
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error resulting from the use of rounded numbers, both of which are negligibly
small in the present example; it is, rather, a property of difference equations,
and it increases with successively smaller values of Az unless At is also reduced
properly. We therefore learn the important fact that the difference formulation
of unsteady problems is never complete without the statement of the stability criteria
for the difference equations. Formal but somewhat lengthy mathematical proofs
on stability may be found in the literature.* Here we suggest a rather simple
physical argument based on the approximation involved in the problems of
field theory: the spacewise variation of volume tlerms s negligible as compared
with their timewise variation; the timewise variation of surface terms is negligible
as compared with their spacewise variation.t Actually, we have always used this
approximation in the formulation of our problems without emphasizing it.
For example, in the development of Eq. (9-26) we neglected the spacewise
variation in the internal energy, which is a volume term, and the timewise
variation in the heat fluxes by conduction, which are surface terms. Therefore,
in the time interval (n + 1) At — n Af, the temperature T? changes to 77"
while the temperatures T7_; and 77y, remain constant in order of magnitude.
The limit of 771" is its steady value TZ‘SH, which may be obtained by assuming
that T?t! reaches this value in the interval (n + 1) At — n At. Since the
steady one-dimensional temperature distribution in a plate of constant thermal
conductivity is a straight line, 77" is at the intersection of the isothermal
plane of location ¢ with a straight line connecting 77 ; and T%.;. Correspond-

* See, for example, Reference 4.
T Recall Problem 5-7.
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ingly, the limiting steady form of Eq. (9-26) or Eq. (9-27) is
0= T, — 2T + T 4. (9-28)

Now, subtraction of Eq. (9—28) from (Eq. 9-27) and subsequent rearrangement
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in terms of the nomenclature of Fig. 9-14 gives
AT = 2(AF0) AT npy.

Furthermore, noting from the same figure that AT < AT .., Wwe find that the
stability criterion of Eq. (9-27) is ,
AFo < & (9-29)

Thus the reason behind the selection of the values % and § for AFo in Figs.
9-15 and 9-16 becomes clear. It is remarkable that the case AFo > %, which
causes instability in the difference equations, also violates the physics of the
problem by giving a temperature that exceeds its steady value. For the limiting
case AFo = £, Eq. (9-27) reduces to Eq. (9-28) or, equivalently, to

n n
T?j—l — T’L—I—l —2}” Tz—l . (9_30)
Equation (9-30) readily admits a graphical interpretation as follows. The

temperature change 77" at location 4 in the time interval (n - 1) At — n At

s
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is the arithmetic mean of the neighboring temperatures 774, and T7..; taken
from the preceding interval; thus the intersection of the straight line connecting
Tt to TP, with the isothermal plane of location 7 gives Tr ' (Fig. 9-14).
This is the basis of the Binder-Schmidt graphical method, which will be discussed
in Section 9-9.

We continue our discussion by considering a moving one-dimensional con-
tinuum (Fig. 9-17).* The first law of thermodynamics and Fourier’s law
successively applied to the control volume of Fig. 9-17 give

TR — T n e Tio — T3
pe(Ax) A = pcU(Tiy — T7) + k Az +k T )

which may be rearranged in the form
T3+ — T? = AFo [THy — (2 + APé) T + (1 4 APETT 4],  (9-31)

where APé = U(Ax)/a is the Péclet modulus based on the difference value

of the space variable. Proceeding as in the stationary case, we find that the

limiting steady value of Eq. (9-31) based on the temperatures 77, T;-":rl,

and 77, is
0 = AFo [T7., — (2 + AP8) THH + (1 + APé) T7 4] (9-32)

Subtracting Bq. (9-32) from Eq. (9-31), and noting that AT < ATy, we
obtain the stability criterion for Eq. (9-31) in the form

AFo < 1/(2 + APé). (9-33)

Strictly speaking, the graphical interpretation of Eq. (9-32), which actually
constitutes the graphical solution of the equation, belongs in Section 9-9.

* Recall the irrelevance of the temperature distribution with regard to the formulation.
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However, because of its simplicity this interpretation is given here. Rearranging
Eq. (9-32), and dividing the result by Az, we have

T3t — T, T — T ' (9-34)
Az T 2 Ax + Az(APé)

The similarity of the triangles shown in Fig. 9-18 readily yields Eq. (9-34).
Note that the temperature T?S‘H can no longer be obtained by connecting the
neighboring temperatures with a straight line, because of the terms in Eq.
(9-32) related to enthalpy flow. (What happens to Fig. 9-18 as U — 0?)

For two particular problems, so far we have established difference equations
applicable to a typical inner nodal point. Now, we turn to boundary nodal
points and assume, for example, heat transfer by convection through the bound-
ary of a stationary one-dimensional problem. The first law of thermodynamics
and Fourier’s law successively applied to the system shown in Fig. 9-19 yield

A_x_ T8+1—T6L_ n n T;L*Tg -
pC(2> Al -h(Tw_TO)+kT’ (9 35)

where 7% denotes the ambient temperature in the time interval n. Rearranging
Eq. (9-35), we obtain
Tt — T§ = 2AFo [TY — (1 + ABi) TG -+ (ABi) TZ], (9-36)

where ABi = h Az/k denotes the Biot modulus based on the difference value
of the space variable. For the limiting steady case, we also have

0= T} — (1 + ABi) T3 -+ (ABi) T%. (9-37)
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In the usual manner, subtracting Eq. (9-37) from Eq. (9-36) and noting again
that AT < ATmex, We obtain the stability criterion for Eq. (9-36) as

AFo < 1/2(1 + ABi). (9-38)

Similarly, Eq. (9-37) readily accepts a geometric interpretation when rear-
ranged in the form

T — TR Tt — 1Y

Ar/ABL AT ’

(9-39)

Now, if we extend the boundary of the problem by the distance Az/ABi and
assume that the extended boundary has the temperature 7' in the time interval
n, the intersection of the straight line connecting 7% to T7 with the original
boundary gives T(’,‘:rl (Fig. 9-20). Clearly, the similarity of the triangles indi-
cated in Tig. 9-20 satisfies Eq. (9-39).

In preceding chapters we have indicated the difficulty of solving multi-
domain problems. Only in Chapter 7 were we able to consider even two-domain
problems.* The difference formulation and its solution by numerical or graphical
means, however, present no difficulty and hence are indispensable for these
problems. Consider, for example, a composite wall made of two parallel flat
plates. The difference equation given by Eq. (9-27) is directly applicable to
the inner nodal points of both plates provided AFo < 4. Excluding for now
the graphical case corresponding to

A Boundar
AFo = 3, let us assume the values %

AFo; = m, and AFoy = mg,

(9-40)

where my, mo < 4. Since the time inter-
val to be used must be the same for both
plates, we obtain from Eq. (9-40) the
relation between the space intervals of
the plates in the form

Ary _ (9_1 @)“2. (0-41)

Axs dg My

Therefore, we need to select the interval
size of only one plate; Eq. (9-41) gives FIG. 9-20
the interval size of the other.

Unlike the difference equation for the inner nodal peints, the difference
equation for the interface is not available from preceding sections. However,
the derivation of this equation is straightforward. The result in terms of the

* See Example 7-15.
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system shown in Fig. 9-21 is

gkl g (ko/Ax3)T5, ., — (ki/Axy + ko/Axg)T%,2, + (k1/Az)TT:,
12 b2 (p1c1 Ay + paca Axg)/2 At ’
(9-42)

the steady solution is
0 = (ko/Ax)T5,,, — (k1/Axy + ko/Dxg) TVEE, + (bi/Ax)TE, ,,  (9-43)

and the stability criterion for Eq. (9-42) is

ki/Azy + ks/Axs
At <
P1C1 ATy + paca-Axg

. (9-44)

o =

[Note the special case of Eq. (9-44) for ky = ks and pic; = pacs.] The geo-
metric interpretation of Eq. (9-43) may be obtained from its rearrangement
in the form
iLi—l - Trllv_g:,s _ Trlb,_gzl,s - Tg;'—i—l (9_45)
Azy T Axg(ki/k)

which is readily satisfied by the similarity of the triangles shown in Fig. 9-22.
However, it is easier to consider the graphical procedure in terms of the intervals
Ay = Azy/ky and Afs = Azy/ky, thereby eliminating the use of Fig. 9-22.
In this case, introducing the variable transformation ¢ = z/k, we find the
differential formulation of the problem to be

3T

et (9-46)

o _ 1
at pck 0§2
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Thus 1/pck replaces a, and the stability criterion for the difference equation
corresponding to Eq. (9-46) is
At 1

ph(AD? =3 (0-47)

Considering the equality in Eq. (9-47) for both plates, and equating the time
intervals, we obtain as the relation between the new space intervals,

Aty _ (pacaks'"?, _
Afy <P1C17€1> (0-48)

The extension of the difference formulation to unsteady problems of other
geometries and the geometric interpretation of its limiting steady case require
no additional knowledge. Therefore any elaboration on these points seems
Unnecessary.

Next we illustrate by an example how physical reasoning can readily be
used to establish the stability criteria of complicated problems.

Example 9-4. Let us find the difference equations and their stability criteria
for the typical inner nodal point associated with Example 6-3.

The first law of thermodynamics and the definition of the heat transfer
coefficient applied successively to the control volume for the fluid and the system
for the tube walls shown in Fig. 9-23 give for the fluid

n+1 Tn

peA(az) — = peAV(Thoy — Th) + hiPi(a2)(67, — Th),
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and for the tube walls

¢’ A’ (Ax) O — b
p At

= hiP(Ax) (T — Om) + hoPo(Az)(0 — 67).

The rearrangement of these equations yields

T;}:,,_‘_l o T;LL — V(At) n (V thz Mi(At)

Az Im—1 ~\az + pc—A) AanTy, + ol b2, (9-49)

it — o =MD g (WPERE) . (o-50)

The corresponding steady equations are

_ V@A) (V| P nt1 | BiPi(A) .
0o Y& (Ax+——pc A) @orst 4 D g g )

_ hPiAY) (hiPi + hoP ) (AnesH, (9-52)

pICIAI m p/C/A/

Subtracting Eq. (9-51) from Eq. (9-49), and Eq. (9-52) from Eq. (9-50), we
obtain

Tm+1 - Tm - (A_.’Jli + pc—A> (At)(ijhl - Tm); (9_53)
ot — o = (MESERLE) o — o) (9-54)

Thus the stability criterion for Eq. (9-49) is

V | hP;
<E + pc—A> At £ 1, (9-55)

and that for Eq. (9-50) is

thz + hoPo
< p/c/A/ ) At S 1. (9—56)

Needless to say, the common time interval to be used for the fluid and tube-
wall difference equations must satisfy both Eq. (9-55) and Eq. (9-56).

So far, we have considered the difference formulation and its criteria of
stability for a number of unsteady problems. The use of the formulations thus
obtained becomes somewhat cumbersome when, in the interests of accuracy,
a rather small Az is selected; the At allowed by the stability criterion is then
so small that an enormous amount of calculations may be required. We now
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intend to eliminate this difficulty by giving different forms to difference equa-
tions. Let us take the case of one-dimensional conduction in stationary problems
for which we obtained the difference equation given by Eq. (9-27). Consider
the system shown in Fig. 9-24 and formulate the problem this time in terms of
backward rather than forward differences in time; that is, decrease the time
from (n - 1) At to n At rather than following the usual procedure of increasing
it from n Af to (n + 1) At. Thus we obtain

T2+t — T% = AFo (THTF — 2T + T, (9-57)
Subtracting from Eq. (9-57) its initial steady value given by Eq. (9-28) yields

T — T = AFo (T — T + 2(T4F — 107 + (T3F1 — Tl
(9-58)

Since all differences appearing in Eq. (9-58) are positive according to Fig. 9-24,*
this equation is satisfied under all circumstances. Therefore, it is unconditionally
stable. We obtain this stability, however, at the cost of a new algebraic com-
plexity. Recall Eq. (9-27), in which all temperatures except 77 are known,
and the latter is obtained by solution of the equation. By contrast, in Eq.
(9-57) only T7 is known, and the application of this equation to the nodal
points yields a set of simultaneous algebraic equations which must then be
solved by the relaxation method discussed in Section 9-7 or by computer.
Equations (9-27) and (9-57) are referred to as explicit and tmplicit difference
equations, respectively. Although there exists only one explicit equation

* The only other possibility is a downward concave temperature distribution for which
all differences are negative, and Eq. (9-58) is again unconditionally satisfied.
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corresponding to each nodal point of a problem, the implicit equation may be
written in a number of forms. For example, we may express the right-hand
side of Eq. (9-57) in the form

T3t — T} = AFo [o(THT — 277+ + 174
+ O — {(Th1 — 277 - T D), (9-59)

where 0 < n < 1. The reader is referred to Reference 4* for further discussion
on this point.

The extension of the difference formulation to multidimensional problems
is trivial, and will not be considered here.

9-9. Solution of Unsteady Problems. Step-by-Step
Numerical Solution. Binder-Schmidt Graphical Method

Because of the inherent nature of the difference formulation of unsteady prob-
lems, we could not avoid discussing the numerical and graphical solutions of
these problems in the process of their formulation. Here, after some recapitu-
lation, we shall indicate a number of salient points of these solutions.

Unsteady problems are initial-value problems. The solution of their explicit
difference formulation is trivial; it amounts to the evaluation of the temperature
change at each location and in each time interval in terms of the temperature
of the same location and the neighboring temperatures taken from the preceding
time interval; the procedure is carried out numerically and step by step to
following intervals. The solution of the implicit difference formulation reduces
at each location and in each time interval to an algebraic equation involving
the temperature of the same location and the neighboring temperatures ex-
pressed in terms of the following time interval; thus we obtain a set of algebraic
equations to be solved by iteration, either by the relaxation method or by
computer.

It is important to note that although steady problems are in general
boundary-value problems, those having motion and negligible conduction in a
given direction are conceptually initial-value problems. There have been some
attempts to convert initial-value problems to boundary-value problems by
means of a transformation which doubles the order of each derivative involved
in the former. However, these methods have remained somewhat limited to
simple cases, and are not considered here.t

Let us now examine by means of an example the Binder-Schmidt graphical
procedure, which we mentioned briefly in the preceding section.

* See pages 16 and 93.
1 See, for example, Reference 3, Chapter 15, page 225.



516 DIFFERENCE FORMULATION [9-9]

T’iL-Hn J‘ 71L i

Ik l

FIG. 9-25

Example 9-5. Reconsider Example 2-3, assuming the following numerical
values: L = 1in., p = 5001lbm/ft3, ¢ = 0.1 Btu/lbm-°F, &k = 10 Btu/
ft-hr-°F, k = 100 Btu/ft2hr-°F, and ¢’ = 4800 Btu/ft®>hr. We wish to find
the temperature rise on the upper surface two minutes after the application of
heat flux to the bottom of the plate.

For purposes of illustration, let us consider a coarse network, with the plate
divided into four equal layers. The temperature of the inner nodal points is
obtained by taking graphically the arithmetic mean of the neighboring temper-
atures. As Fig. 9-20 shows, the upper boundary is taken care of by extending
this boundary by an amount of Az/ABi. Since Az = L/4 = % in. and ABi =
hAz/k = 100 X (2/12)/10 = 1/4.8, the extension is Az/ABi = 4.8 Az. How-
ever, so far we have developed no graphical procedure suitable to the lower
boundary, which must be considered first. Since we are interested in the graph-
ical solution only, under steady conditions we have in terms of Fig. 9-25

n o__ Tn+1

1 0s " .
A + q". (9-60)

0=1%

This may be rearranged in the form

Tn+1 _ n 1

2 T _¢ é/k, (9-61)
where [, an arbitrary length introduced for convenience in the graphical pro-
cedure, may be taken equal to Az. Once the temperature gradient given by
Eq. (9-61) is established by the similarity of the triangles shown in Fig. 9-25,
in any time interval, say n -+ m, we need only draw a straight line from Tytm
parallel to this gradient; the intersection of the straight line with the boundary
gives T ™.
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Having completed the graphical construction suitable to the inner and to
both boundary nodal points, we now proceed to the solution as indicated in
Fig. 9-26. By marking the time intervals on the nodal points we clearly show
the instantaneous temperature distribution associated with each interval. The
temperature scale on Fig. 9-26 is obtained by rearranging Eq. (9-61) in the form

q'(Az) 4800 X 1/4

1 0: — — o
To, = T4 7 Zxio — WO°F

The number n of the time intervals is found from the specified total time
t = n(Af); since
a = k/pc = 10/(500 X 0.1) = 0.2
and
AFo = 1 = a(Al)/(Ax)?
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yield
At = (A)2/2a = (1/12)% X 3600/(2 X 0.2) =2 3.9 sec,

we have n = 2 X 60/3.9 = 31 intervals. Figure 9-26 gives 20°F for the
temperature of the upper surface at the end of 31 time intervals. (Compare
the penetration time to be obtained from Fig. 9-26 with the times found in
Examples 2-3 and 8-8.)
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Problems

In the following problems, if a relaxation or step-by-step solution is to be carried out
by hand or by desk calculator, a gross answer is satisfactory, and numerical values
may be assigned to dimensions and properties given in symbols; if a digital computer
is to be used, an accurate answer is required, depending on a parametric study in
terms of the dimensionless numbers involved.
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9-1. A two-dimensional extended surface made of two different materials is shown
in Fig. 9-27. Find the steady temperature of the extended surface.

9-2. A Prony brake is simulated by the two-dimensional model shown in Fig. 9-28.
Find the steady temperature of the brake.

0-3. An approximation of a turbine blade is shown in Fig. 9-29. Assume that
the heat transfer coefficient linearly decreases from the upstream value & to the down-
stream value /2. Find the steady temperature of the blade.

94, A solid cylinder rotates while pressed on another solid cylinder (Fig. 9-30).
Find the steady temperature of the system.*

9-5. The hydrodynamic friction generated in the bearings of a shaft may be
assumed to be a constant heat flux acting on the shaft (Fig 9-31). Find the steady
temperature of the shaft.

9-6. Find the stability criterion of the explicit difference equation corresponding
to the differential equation

oT GT o°T T
E£+ + + (ax2+5y—2+az2)

9-7. Find the stability criterion of the explicit difference equations corresponding
to the boundary conditions

:i:k( ) +¢" = KT, — Tw)

oT
ikl(a > + upV = j:kz( n2>u'

9-8. Reconsider Problem 5-5. Assume that the length of the heat exchanger is L.
(a) Obtain the typical difference equations and the associated stability criteria.
(b) Find the unsteady temperature of the heat exchanger by numerical means.

9-9. A torch moving with constant velocity V applies the constant heat flux ¢”
to a small circular area of a flat plate (Fig. 9-32). Find the unsteady temperature of
the plate by numerical means. [Hint: Analyze the problem by assuming that the torch
is stationary and the plate is moving.]

9-10. Consider a fully developed laminar flow in a tube (Fig. 9-33). While the
upstream half of the tube is insulated, the downstream half is suddenly subjected to
(1) a constant heat flux ¢/, (i) a periodic heat flux ¢5(1 4+ esin wt). The axial con-
duction is appreciable both in the fluid and tube-walls. (a) Obtain the typical differ-
ence equations and the associated stability criteria. (b) Show the effect of axial
conduction, tube material, and unsteadiness on the distribution of the steady heat
transfer coefficient.

9-11. Consider a flat plate that is initially at a uniform temperature (Fig. 9-34).
Assume that the constant internal energy u'’’ begins to be generated in the plate.
(a) Modify the graphical procedure by including the effect of energy generation.

and

* This problem corresponds to part (f) of Problem 4-29.
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T,

L FIG. 9-35

(b) Using part (a), find the temperature distribution in the plate after 10 min have
elapsed. Data:

480 Ibm /ft3, ¢ = 0.1 Btu/lbm-°F,
100 Btu/ft2hr-°F,  u/” = 14,400 Btu/ft3hr.

L = 6in,, p
k = 10 Btu/ft-hr-°F, h

9-12. Develop graphical procedures suitable to c¢ylindric and spherical geometry.

9-13. Consider the brick walls of a house. The inside and outside heat transfer
coefficients are the same. The inside temperature T'; is greater than the outside tem-
perature T,. There is a steady heat loss from the house to the atmosphere. Now let
us assume that we start collecting solar radiation ¢’/ on the outer surface of the walls
(Fig. 9-35). Using the graphical procedure, determine the time required to stop the
heat loss from the house. Data:

L =11t p=1001bm/ft3, ¢ = 0.2 Btu/lbm-°F,
k = 0.4 Btu/fthr°F, & = 2 Btu/ft>hr-°F,
¢’ = 440 Btu/ft>hr, T:; = 75°F, T, = —30°F.

9-14. Reconsider the distributed case of Problem 6-2. Using the graphical pro-
cedure, carry out the temperature variation of the plate for the first twenty intervals
of time. Data:

é = %in., Az = §/12, p = 500 Ibm/ft3,
¢ = 0.1 Btu/lbm-°F, k = 10 Btu/ft-hr-°F,
h = 2000 Btu/ft2-hr-°F, T, = 100°F, w = 5min~L

9-15. Reconsider Problem 2-9. Assume that the heat transfer coefficient and
all properties are constant except the thermal conductivity of the insulation, which
varies in the form

ki = ko(1 -+ BAT),
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Ly Ly
FIG. 9-36

where AT is measured relative to the ambient temperature. Using the graphical
procedure, carry out the temperature variation of the system for the first twenty
intervals of time. Data:

é = {%1in,, L = %in, Az = L/8,

ko = 0.1 Btu/ft-hr-°F, 8 = 0.01,
kr = 200 Btu/ft-hr-°F, a; = 0.01 ft2/hr,
an = 4 ft2/hr, h = 2 Btu/ftZhr-°F,
' = 148,000 Btu/ft3-hr.

9-16. Simulate a dry friction brake by two flat plates (Fig. 9-36). The initial
temperature of the brake is equal to that of the ambient, T. Then one of the plates
suddenly assumes a constant velocity V. The coefficient of dry friction and the pres-
sure between the plates are u and p, respectively. Using the graphical procedure, carry
out the temperature variation of the brake for the first twenty intervals of time. Data:

Ly = Ly = %in,, upV = 144,000 Btu/ft>hr,
p1 = p2 = 500 Ibm/ft3, c1 = c¢2 = 0.1 Btu/lbm-°F,
k1 = 20 Btu/ft-hr-°F, k2 = 30 Btu/ft-hr-°F,
k1 = 400 Btu/ft?hr-°F, he = 600 Btu/ft>hr-°F.

Ii



CHAPTER 10

DIFFERENTIAL-DIFFERENCE FORMULATION.
ANALOG SOLUTION

The final method of solution to be considered in this text is analogy. A number
of lumped and distributed models for conduction problems are available, based
on mechanical, hydrodynamic, and electrical systems. Networks of electrical
resistors, capacitors, and sometimes inductors are the most important simu-
lators of lumped systems; on rare occasions, mechanical systems comprised of
masses, springs, and dashpots are also used for this purpose. Electrolytic tanks,
conductive paper, stretched membranes, soap film, fluid mappers, and polarized
light are some of the distributed models occasionally used. Here, because of
its versatility, we shall make use of the electrical analogy.

10-1. Analogy Between Conduction and Electricity

Let us first formulate the diffusion of electricity through a resistive and capaci-
tive solid.t We illustrate the point in terms of one-dimensional cartesian geom-
etry. Following the steps of formulation given in Section 2-9, we select the
system shown in Fig. 10-1. Applying the general law of electricity, the conserva-
tion of electric charge q (coulomb), to this system yields]

dp./dt = — 9ja/0x, (10-1)

where p,(coulomb/L?) = ¢/A(Az) is the
charge density and j,(ampere/L?) = i/4 is

|

|

i

|

|
. . . . | ;. % dx A

the electric current density which, by defini- ;4 | ot 9p &

I}

|

|

I

!
I
|
|
|
|
L

tion, is the charge flux (diffusion of charge per \L v

unit time and area); 7(ampere) is the electric A4 d 92
. . . . X

current or diffusion of charge per unit time, i | ot

— T~ f—dr—+]
i = dg/dt. (10-2) I I FIG. 10-1

t A practical example of such a solid would be thin layers of conducting and dielectric
materials composed parallel in the direction of current.
t The general differential form of Eq. (10-1) is

dpe/ot+ V-j =0,
and the corresponding integral formulation is

/ (ape/at)d’o—l—/j-nda = 0.
kY 4
524



[10-1] ANALOGY BETWEEN CONDUCTION AND ELECTRICITY 525

System

m-+1

m—+1

FIG. 10-2 (b)

Let us express Eq. (10-1) in terms of the electric potential E(volt) by means of
the particular lawst

p. = C*E, Coulomb’s law, (10-3)
. 1 oF , .
Je = — % 95’ Ohm’s law, (10-4)

where C*(farad/L?) is the capacity per unit volume and R*(ohm/L) the re-
sistivity per unit length of the solid. Thus we obtain as the governing equation
for the one-dimensional diffusion of electricityf

«0E _ 3’E

R*C = s (10-5)

which is analogous to that for the one-dimensional conduction of heat

19T  9°T
PRI (10-6)
Therefore, the solution of Eq. (10-6) may be found by solving Eq. (10-5),
that is, by measuring the diffusion of electricity in a resistive-capacitive solid.
Furthermore, expressing the space derivative of Eq. (10-5) in difference form
(Fig. 10-2a), and subsequently rearranging we have

R 0 P — g,y 4 By, — 2B, (10-7)

which is the timewise differential, spacewise difference formulation of the problem.
The important fact is that a formulation of this type can be simulated by a
lumped circuit element consisting of one capacitor and two resistors as shown

T Discuss the meaning and equivalents of Eqs. (10-1), (10-3), and (10-4) in conduction.
1 This equation becomes the one-dimensional electromagnetic wave equation when
the solid is further assumed to have inductance.
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in Fig. 10-2(b). The governing equation of this circuit is identical to Eq. (10-7),
provided R and C are the total resistance and capacitance of the system,
respectively, so that

R(ohm) = R*(Ar)/A and C(farad) = C*A(Ax). (10-8)

To show this fact we apply the steps of formulation to Fig. 10-2(b). The system
of the distributed case now reduces to nodal point m, and the general law given
by Eq. (10-1) becomes Kirchhoff’s current law applied to this point. It follows
then that

im_1 + do -+ iny1 = O. (10-9)

Furthermore, for convenience the particular laws may now be written in terms
of charge and current rather than in terms of their densities. Thus Coulomb’s
and Ohm’s laws, the former rearranged by Eq. (10-2) and the latter expressed
in terms of the potential difference, become

dE

i=C% (10-10)
and
i = %, (10-11)

respectively. Interpreting Egs. (10-10) and (10-11) in terms of Fig. 10-2(b),
and inserting the result into Eq. (10-9) gives the governing equation

ReYm < Byt By — 2B, (10-12)

which is identical to Eq. (10-7), as may readily be shown by means of Eq. (10-8).
Thus we prove that the circuit element given by Fig. 10-2(b) is the approximate
analog solution of the one-dimensional heat conduction governed by Eq. (10-6).
Furthermore, since the differential-difference formulation that corresponds to
Eq. (10-6) is

2
O dln _ g\ Ty — 2T, (10-13)

the comparison between Eqs. (10-12) and (10-13) yields that if temperatures
are made proportional to potentials, then (Az)2/a becomes proportional to EC.

Inspection of Eq. (10~12) reveals that the analog solution of two-dimensional
conduction is governed by the equation

A,
dt

RC = Em—l,n + Em,n-—l + Em+1,n -+ Em,n+1 - 4Em,n7 (10_14)

which is satisfied by the circuit element shown in Fig. 10-3. The extension of
the procedure to three-dimensional cartesian geometry, moving solids, boundary
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conditions, and other geometry presents no difficulty. This is left to the reader
as an exercise (see Problems 10-1 and 10-2).

From Egs. (10-12) and (10-14) we may generalize the fact that the approxi-
mate analog solution of conduction problems requires a circuit capable of
performing multiplication by a constant, addition, integration, and differentia-
tion. Electric circuits that can accomplish these operations are called passive
circuits if they include, like those in Figs. 10-2(b) and 10-3, only fixed resistors
and capacitors, and possibly inductors and transformers. They are called
active circuits if, like electronic amplifiers, they involve additional elements
drawing energy from an external source. Let us now examine the operations
mentioned above as performed by passive circuit elements.

m, n+1
R
R R
T 7 VAA o AA ol n
%g
C
N b, n—1 FIG. 10-3
Rl P Rl P
AAA . A - —
—_— _—
) 1 7
[ ' l %RO &g €5 i RO Rl 4]
1y ) U
o ) [ — —0
(a) No load (b) With load FIG. 104

10-2. Passive Circuit Elements

We start with multiplication, which can be accomplished by the resistive
circuit element shown in Fig. 10-4(a). Kirchhoff’s current law applied to nodal
point P yields

7:1—1-0:0.

Expressing the currents in terms of potentials by the use of Ohm’s law, we

obtain
€ — €o _ €0 _
R, Ry 0,
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which may be rearranged in the form

_ R . i
eo = (Ro i R1> e (10-15)

Thus the circuit element of Fig. 10-4(a) multiplies the potential e; with the
positive constant Ro/(Ro -+ R1). However, when this element is used in a
circuit its output is, in general, loaded. Let us now see how Eq. (10-15) is affected
by the resistance R; equivalent to the output load (Fig. 10-4b). Kirchhoff’s
current law applied to nodal point P now becomes

i1 — i — 7= 0,

and relating the currents to potentials by Ohm’s law we obtain

€i —€o_ o _ % _
R, Ro R, 7
which may be rearranged to give
Ry >
= . 10-16
° <R0 + Ry + RoRi/R; ¢ ( )

Note that Eq. (10-16) approaches Eq. (10-15) as E; — oo only; in any other
circumstances the output potential is affected by the loading. Since we are
interested in multiplying the input potential by a predetermined positive
constant, the deviation of the output potential from Eqg. (10-15) is called the
error of the circuit element due to loading.

Next we consider integration, which may be approximately achieved by the
circuit shown in Fig. 10-5. Again we write Kirchhoff’s current law for nodal
point P,

’L‘l - i() == 0

Relating 7o and 7; to the potentials by Ohm’s and Coulomb’s laws, respectively,

gives R »

—VW————
e€; — €p d_ézg _
7 +C dir = 0. - -

€ ll —1‘: C €o

Now, if we assume that e; 3> ey, it follows that 7o

i [ C —
¢ = RU/O e dr,) (10-17) "~ FIG. 105

which is the integral of the input potential. Note that the eircuit element for
integration is approzimate even in the absence of any load because of the assump-
tion e; 3> e,. The effect of loading may be determined by a procedure similar
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to that followed for the preceding circuit element. This is left to the reader
(see Problem 10-4).

It is clear from the foregoing discussion that all passive circuit elements
suffer from loading errors. In general, these elements operate correctly only if
the impedance at the output of the circuit element is very high. Since active
circuit elements such as electronic amplifiers have input impedances often in
excess of several megohms, the coupling of a passive circuit element with an
amplifier eliminates the loading error on the element. Of course, the use of
amplifiers increases both the first cost and the operating cost of the analog
circuit (hereafter to be referred to as the analog computer) ; however, this expense
may be well justified by the increased accuracy of the solution. For most
general-purpose analog computers, the high-gain pc amplifier discussed in the
next section is employed almost exclusively. In general, ac analog computers
are less expensive to build and require simpler auxiliaries; however, the phase
shifts in Ac cireuits tend to make this type of computer less accurate than pc
computers.

10-3. Active Circuit Elements. High~Gain DC Amplifiers

The most commonly employed active elements are high-gain pc amplifiers,
function generators, and function multiplier-dividers. We shall consider only
amplifiers.

e(fb .~ __A (o2 eoo
(=, 2*]
(a) Schematic (b) Symbolic FIG. 10-6

The design of amplifiers and the function of its components are beyond the
scope of the text. Interested readers may refer to the references at the end
of this chapter. Here we picture the amplifier as simply a black box (Fig. 10-6),
and discuss only those amplifier characteristics conceptually important for analog
computer solutions. Designating the input and output potentials relative to the
ground by e; and e, respectively, we first define the gain A of the amplifier by
the ratio}

A = —eg/e

The basic requirement of the amplifier is that it have as high a gain as possible.
The practical range of this gain is 10%-105%. Assuming that for the purpose of
recording, the output potential is to be kept between 100 volts, we obtain

t The sign of this ratio will be discussed in connection with Fig. 10-7.



530 DIFFERENTIAL-DIFFERENCE FORMULATION {10-3]

o 0 10/ B ¢

(a) Schematic (b) Symbolic FIG. 10-7

a maximum possible value of 0.01 volts for the input potential. Since this
potential is usually connected to a vacuum-tube grid which has an extremely
high impedance, the input current is very small. Hence the basic and associated
properties required from the amplifier as an analog component are: (i) a very
high gain A, (ii) approximately zero input potential e; (iii) negligibly small
input current ¢,. Of course, there are other important properties required from
the amplifier, such as linear output over a wide range, flat frequency response,
low noise level, ete. These, however, are means to further improvement in the
accuracy of the solution, rather than basic requirements for the use of the
amplifier.

Let us now consider a circuit consisting of a high-gain pc amplifier, an input
resistor B4, and a feedback resistor B, (Fig. 10-7). A potential, say e;, is applied
to the input of the amplifier through the resistor By. Since 7, = 0 according
to property (iii), Kirchhoff’s law applied to the input of the amplifier gives

11+Zo=0

Then, relating currents to potentials by Ohm’s law, and noting that ¢; = 0
because of property (ii), we obtain

er/Ry + eg/Ro = 0,

which may be rearranged in the form

eg = — €. (10-18)

Thus we have shown that the circuit element given by Fig. 10-7 is a multiplier.
Clearly, the same circuit can be used as a sign changer by taking the ratio By/R;
equal to unity.

Note that in analog computer applications, the ¢ amplifier always includes
a feedback circuit as exemplified by Fig. 10-7. It is for this reason that the
amplifier gain A has to be negative. For, if it were positive, an increase at the
output potential would increase the input potential which, in turn, would
further increase the output potential, causing instability. The sign of amplifier
gain is made negative by using an odd number of amplification stages. This is
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Ry
A

Rl 7‘01 R()/ Rl
21 €1 0——m—

Ry A . R./R
€20 VWA (2 ¢ €20 vEy €

7 .

R3 2 /Z3 Ro/ R3

€3 €3 O]
(a) Schematic (b) Symbolic
FIG. 10-8

a problem of electronics, however, and is not our concern. Note, moreover,
that this sign has nothing to do with that of Eq. (10-18).

Let us now reconsider the circuit element given by Fig. 10-7 and replace
the input resistor by three parallel resistors as shown in Fig. 10-8. Again,
Kirchhoff’s law applied to the input of the amplifier in the light of property
(iii), and rearranged by Ohm’s law and property (ii) gives

e1/Ry + es/Rs + e3/R3 + eo/Ro = 0,
which yields
ey = — ( el + 62 + ) (10-19)

We learn from Eq. (10-19) that the circuit element of Fig. 10-8 can be used
as an adder, as clearly seen from the special case Ro/Ry = R¢/Ry = Ro/R3 = 1.

¢
|1
l L
. iy . 1/RC %
%0
K £0(0) «0(®)
(a) Schematic (b) Symbolic

FIG. 10-9

We now return once more to the circuit element given by Fig. 10-7, and
this time replace the feedback element by a capacitor C as indicated in Fig.
10-9. Kirchhoff’s law applied to the input of the amplifier and rearranged
by Ohm’s and Coulomb’s laws then gives

+Cd60=0
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which, by integration, may be rearranged in the form

i
1
g — — m'/o edr -- 60(0), (10—20)

where e¢(0) is the initial condition, the potential to which the capacitor is
charged at { = 0. Equation (10-20) indicates that the circuit element of
Tig. 10-9 can be employed as an tntegrator.

Clearly, a pc amplifier may also be used as a differentiator. (Draw the cor-
responding circuit.) However, whenever possible this operation should be
avoided because of noise.

Thus we have seen the use of the nc amplifier as a multiplier, a sign changer,
an adder, and an integrator. The two other important active circuit elements,
function generators and function multiplier-dividers, require a somewhat
lengthy and special treatment, and will not be considered here. The interested
reader may consult the references cited at the end of this chapter.

We now proceed to the use of pc amplifiers in the solution of conduction
problems. We begin by considering the active element corresponding to the
passive element shown in Fig. 10-2 and governed by Eq. (10-12). If this equa-
- tion is rearranged in the form

Bt En_1 —FE, d(—Ewn) __ =
sty Bt | B (dCE) (10-21)

then the desired active circuit element is one that involves a pc amplifier whose
input nodal point satisfies Kirchhoff’s current law corresponding to Eq. (10-21)
(Fig. 10-10). The extension of the foregoing procedure to two-dimensional
geometry follows immediately. Thus we obtain the active element (Fig. 10-11)

R C
Emt 1/(R/2)C
E 1/RC
. A —En,
R 1/RC
Em—l
R/2
(a) Schematic FIG. 10-10 (b) Symbolic
R 1/(R/4)C
Em—l,n C /
R Em—l,n ol/i
Em,n—l A 7 Em,n—-l 1/RC
Em+1,n " Em+1’" O_M —Ema"
R Em,n+1 OI/LC
B a1 R/4=

(a) Schematic FIG. 10-11 (b) Symbolic
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corresponding to the passive element given in Fig. 10-3 and governed by
Eq. (10-14). Further extension to three-dimensional cartesian geometry,
moving solids, boundary conditions, and other geometries presents no difficulty.
This is left to the reader as an exercise.

10-4. Examples

For further experience in analog solutions we next consider a number of lumped
and distributed problems. Since active circuits involve negligible error as
compared with passive circuits, they are more commonly used in practice;
hence we shall discuss the solution of these problems in terms of active circuits
only.

Example 10-1. One surface of a flat plate is suddenly subjected to constant
heat flux ¢”’; the other surface is insulated (Fig.

10-12). The thickness of the plate is 6, and the P—»! .,
initial temperature To. We wish to find the analog P e
solution of the problem. Insulation |
Assuming that the temperature of the plate may —
be lumped, we find the formulation of the problem .
to be
aT/dt — m = 0, TO) = T, (10-22) 5, ¢, 4, T
where m = ¢/ /pcé. Equation (10-22) can readily -
be simulated by
—FE
0—— + (5 7 ) _0, E@O) =E. (10-23) FIG. 10-12

The desired analog solution is obtained from an active circuit that includes a
pc amplifier whose input nodal point satisfies Kirchhoff’s current law corre-
sponding to Eq. (10-23) (Fig. 10-13). If E is made proportional to T, conse-
quently E, to Ty, the values of Eq, B, and C' must be so adjusted that E,/RC
is proportional to m in the same sense. The circuit operates as follows: two
switches, both possibly activated by the same relay coil, are employed to apply

rays
\4|l J T =l

1 8o

ik
-

Ey
(a) Schematic FIG. 10-13 (b) Symbolic
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the initial condition and driving potential; initially Sy is open and Sy is closed;
suddenly S; is closed and S; is opened.

Example 10-2. A square plate of thickness § is pressed on a solid surface
by force P (Fig. 10-14). The plate suddenly assumes constant velocity V on
the surface. The coeflicient of dry friction between the plate and the solid is u.
The conductivity of the solid is much smaller than that of the plate. Initially
the plate is at ambient temperature T',. The heat transfer coefficient is . We
wish to find the analog solution of the problem.

h, Tu
P
Plate

Solid FIG. 10-14

Assuming that the plate temperature may be lumped, and neglecting the
heat transfer to the solid, we find that the formulation of the problem in terms
of 6 =T — Ty is

dé/dt + mé = n, 6(0) = 0, (10-24)

where m = h/pcé and n = uPV/pcsA. The corresponding analog formula-
tion is

dE | E | (—Bo) _ g
e+ 2 EH) g (10-25)

An active circuit which satisfies Eq. (10-25) at the inlet nodal point of the pc
amplifier provides the required analog solution (Fig. 10-15). The values of
Rg, R, and C are selected by considering the proportionality of m to 1/EC and
that of n to Eq/RC.

I R I

(a) Schematic (b) Symbolic
FIG. 10-15
Example 10-3. Let us find the analog solution of Problem 5-3.

The solution of this problem by means of Laplace transforms was discussed
in Example 7-2. Referring to that example, and after some rearrangements,
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we write the formulation of the problem in the form¥}

ay

i + by — by = 0, (10-26)
fid‘—f + (b2 + b3)¢ — by = 0, (10-27)
¥(0) = ¢(0) = ¥o. (10-28)

Simulating ¥ by E and ¢ by ¢, we find that the corresponding analog equations
are

E__E | (=0 _ !
S R ek (10-29)
de e (—E) .
02%+F3+—R2 = 0, (10-30)

H0) = e(0) = HEo. (10-31)

Although the first two terms of Egs. (10-29) and (10-30) are easily satisfied
at the input of two pc amplifiers, the third term of each equation requires the
reverse value of the potential associated with the first two terms of the other
equation. Thus the use of another amplifier as a sign changer at the output
of each of the first two amplifiers becomes necessary. The analog solution of
the problem is shown in Fig. 10-16. However, by simply changing the sign of
Eq. (10-29) or Eq. (10-30), we can eliminate the amplifiers employed as sign
changers; multiplying one of these equations, say the latter, by —1 gives

d(—e)

C2 =4 +(—e) 2

+ = =0. (10-32)

Eq.(10-30) \ I

Cy FIG. 10-16

1 See Eqs. (7-29), (7-30), and (7-31).
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C;

1/ECy
E * Eq.(10-29) E :zﬂ:l/lelcl
R2 Rl
Eq.(10-32) m —e 1/RyCo :I:Q —e

1/R3Cy

Cy

(a) Schematic (b) Symbolic FIG. 10-17

Now we need only E and —e. In fact, the circuit indicated in Fig. 10-17 satisfies
Eqs. (10-29) and (10-32). Note that both capacitors must initially be loaded
according to Eq. (10-31). Also, the values of Ry, Rs, R3, C1, and Cs must be
o selected that b; is proportional to 1/R.Cy, bs + b3 to 1/R3C5, and by to
1/R;C5.

Example 10—4. Let us find the analog solution of Example 9-5.

Since again our purpose is demonstration rather than an accurate solution,
let us use the coarse subdivision considered in Example 9-5. For the typical
inner nodal point we may use the circuit element in Fig. 10-10; however, we
need to develop the circuit elements corresponding to boundary nodal points.

In terms of Fig. 9-25, the differential-difference formulation of the boundary
associated with the imposed heat flux is

(a)* T
2¢ dt

1
a2 (10-33)
Since (Az)2/a has been made proportional to RC in connection with our dis-
cussion of the inner nodal points,t the simulation of Eq. (10-33) gives

B, B’ . (—Eo) . d(—E¢) _
75t RE T RR T =

where E' is proportional to ¢’/(Az)/k. The circuit element that satisfies Eq.
(10-34) is given in Fig. 10-18.

In terms of Fig. 9-20 and its rearranged nomenclature, the differential-
difference formulation of the boundary that transfers heat to the ambient is

+c 0, (10-34)

(a0)* a4

% dt = T3 hand T4 —|— ABi (Tw - T4) (10—35)

1 Recall the comparison between Egs. (10-1 2) and (10-13).
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R/2 C
E, I 1/(R/2)C
_E, 5, o/ qyé_ 5,
R/2 ’7
B B rmrme
R/2
(a) Schematic (b) Symbolic
FIG. 10-18
The simulation of Eq. (10-35) yields
E3 Eoo (—-E4) d(_E‘i) — .
72 T RpaEm T REGvoBy) T @ 0 (1036)

where E, is proportional to T,. The circuit element indicated in Fig. 10-19
satisfies Eq. (10-36).

v c 1/[R/2(0+ABDIC
5, i o/ (B/28B0C o E,
R/Z Dy S ——
E, 3T 1/R/2)C
R/2(1+ABi)
(a) Schematic (b) Symbolic

FIG. 10-19

If the numerical value of ABi requires a fraction of an available resistance,
any necessary adjustment can be made by means of a potentiometer (Fig. 10-20).

When the appropriate circuit elements are assigned to nodal points, the
existence of both plus and minus potentials requires the use of additional
amplifiers as sign changers. However, these amplifiers can be eliminated as in
the preceding example, by simply multiplying the potentials of alternate circuit
elements by —1. The analog solution thus obtained is shown in Fig. 10-21.

(a) Schematic (b) Symbolic FIG. 1020
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R/2(1+ABi)

1/[R/2(1+ABD]C
1/(R/2AB)C

LAR/2)C

1/(R/2)C
1/RC
Ea
’ 1/RC

1/(R/2)C

_E4

|
% &
IS

1/RC

1/RC

§R
1/AR/2)C

't 1R
B
1/RC

|
S
]
S

R/2 %R | 1/(R/2)C
1(R/2)C ] |
| _E,
—Fy 1/(R/2)C
R/2
E//O
E//
(a) Schematic (b) Symbolic
FIG. 10-21

The circuit operates as follows: initially the input and output potentials have
the same value E,, which may conveniently be assumed zero; then the input
potential is suddenly changed to E".

Example 10-5. Let us find the circuit element associated with Example 9-4.
In terms of Fig. 9-23 the differential-difference formulation that corresponds to
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the difference formulation given in Example 94 is

peA(8a) TIm — oAV (Tiy — T) + hiPi(82) (60 — To),

p'c' A'(Ax) (—ig—z" = hiPi(A2) (T — 6m) + hoPo(A7)(0 — 6r),

which may be rearranged in the form

T, V. Vo kP,
TJT—Ame—I_I—(Ax—i_pcA)( Tw) +

Ay _ hiP: RePs + haPo) _, y . hoPo i
dt - p'c’A' Tm + < p’c’A' ) ( om) + p,C,A, 0. (10 38)

hiP;
o0A Om, (10-37)

The zero ambient temperature is intentionally left in Eq. (10-38) to determine
the ground connection of the corresponding analog circuit element. Simulating
Eqs. (10-37) and (10-38), and reversing the signs of the second equation thus
obtained, we get

Em——l ﬁn_ (_Em) d(_Em) — -
R, -+ R, + s +Ci——F =0, (10-39)
(—Ew) | (=0) | em den _
R4 + R5 + R6 + 02 dt - 07 (10—40)

where the potentials E and e are used for the temperatures 7' and 6, respectively.
Equations (10-39) and (10-40) are satisfied by the circuit element shown in
Fig. 10-22. An appropriate number of such circuit elements should now be
connected in series to cover the entire length of the tube. This, however, pre-
sents no problem and is left to the reader.
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10-5. Miscellaneous

In this chapter we have given a short introduction to the analog solution of
conduction problems. In conclusion, we discuss briefly a number of important
points related to mechanics of computer operation or to advanced topics.

Units. The units commonly employed in practice are the megohm
(10 ohms) for resistors and the microfarad (10~ farad) for capacitors. The
product RC is then expressed in ohm X farad = sec.

Amplitude and time scale factors. Variables of conduction and related com-
puter problems have limitations on their possible magnitudes and rates of
change with time; hence in practice the corresponding variables of the two
systems must be related by amplitude and time scale factors. More specifically,
an amplitude scale factor is needed because the computer variable, the output
potential of a pc amplifier, is limited, often to =100 volts; in order to measure
a temperature variation over a range greater than +100°F, we would need a
scale factor between potentials and temperatures. Similarly, the use of a time
scale factor becomes necessary when the transient time of a problem is too
short or too long; for short transients the components of the computer and of
the recording equipment may not function adequately; for long transients
amplifier drift and capacitor leakage may introduce appreciable errors. Further-
more, for reasons of economy, we often prefer to use the computer for a shorter
time than the actual time. An extensive treatment of scale factors may be
found in Chapter 3 of Reference 3.

Stability. When the gain through an amplifier is accompanied by a phase
shift, the latter may lead to a condition of self-oscillation (instability) in the
amplifier output. This important problem is beyond the scope of the text. A
short discussion may be found in Section 7-8 of Reference 2.

High-speed computers. In a high-speed computer a problem is solved over
and over again, many times in a second. Because of its limited component
capability, this computer has a relatively low accuracy. Since no available
graphical recording instrument is suitable to high-speed computers, the cathode-
ray oscilloscope appears to be the only practical display device. Reference 7
is devoted to this type of computer.

Schematic and symbolic diagrams. In this chapter we have discussed circuit
elements and corresponding circuits in terms of schematic and symbolic dia-
grams. The use of symbolic notation is desirable because of its simplicity;
however, this notation often causes confusion for the beginner. Therefore,
until enough experience has been gained in the use of symbolic diagrams, the
use of schematic diagrams is suggested.
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Problems

10-1. Draw the passive circuit element corresponding to the conduction of heat
governed by the equation

orT

ot

ar _ FT
ax ~ "ox2

+U

10-2. Draw the passive circuit elements corresponding to the boundary conditions

ik ("—T> g = BT, — To)
n/s
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10-3. Find the effect of loading on the passive circuit element (adder) shown in
Fig. 10-23.
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FIG. 10-23
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10-4. Find the effect of loading on the passive circuit element (integrator) shown
in Fig. 10-5.

10-5. Find the solution of Example 10-3 in terms of a passive circuit.

10-6. Find the solution of Example 2-2 in terms of an active circuit.

10~7. Draw the active circuit element for a typical inner nodal point of Problem
5-5. Connect three of these elements corresponding to three neighboring points.

10-8. Consider a wall through which heat is steadily transferred from an ambient
of higher temperature to an ambient of lower temperature (Fig. 10-24). Assume that
the higher ambient temperature starts to oscillate in the form

Tl(t) = T, + AT sin wt.

(a) Using pc amplifiers, design a (function generator) circuit that generates sine wave
fuctuations of the ambient temperature. (b) Give the solution of the problem in
terms of an active circuit.

For the next three problems the reader is urged to use a locally available analog
computer.

10-9. Solve Problem 9-9 by using an active circuit.

10-10. When axial conduction is included, Laplace transforms are no longer
suitable to Problem 7-10. Investigate the effect of axial conduction on this problem
by means of an active circuit.

10-11. Solve the general formulation of Example 2-5 in terms of an active circuit.
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Active circuit elements, 529
Ampere’s circuit law, 17
Amplifiers, high-gain pc, 529
Amplitude and scale factors of analog
solutions, 540
Analog solution, 524
circuit elements of, active, 529
passive, 527
stability of, 540
units of, 540
Analogy between conduction and
electricity, 104, 524
Analytic functions, branch points of, 376
definition of, 376
line integral of, 378
poles of, 378
singularities of, 376
Taylor series of, 383
Anisotropy, 38
Approximate profiles, see Profiles
Approximate solutions, see Solutions
Approximation in continuum (field)
theory formulations, 316, 505

Backward difference, 514
Basic rule of relaxation method, 494
modified, 496
block relaxation, 496
group relaxation, 496
overrelaxation, 496
Bessel equation, 132, 134
Bessel functions, 103, 132, 133
behavior of, 140
large argument, 141
small argument, 140
derivatives of, 139
graphical representation of, 141
modified, of first and second kinds, of
order », 136
of first and second kinds, of order », 135
of third kind, 139
properties of, 139
relation between, 140
circular or hyperbolic functions and,
140

Binder-Schmidt method, graphical, 483,
508, 515
Biot modulus, 53, 207
Boundary conditions, 46
heat transfer, by convection, 50
by radiation, 53
interface, 54
in relative motion, 55
moving, 56
natural, of variational formulation,
440, 456
nonhomogeneous, of separation of
variables, 217
prescribed heat flux, 46
acting at a distance, 54
insulation, 48
prescribed temperature, 46
time-dependent, 307
Boundary-value problems, 180
Boundaries, irregular, 492
Branch points of analytic functions, 376

Cauchy-Riemann conditions, 376
Cauchy’s equation, 138
Cauchy’s integral formula, 382, 383
Cauchy’s integral theorem, 378, 380
Cauchy’s residue theorem, 384, 385
Characteristic-value problems, 180
Characteristic values, 181
Charts, one-dimensional, 290
cartesian, heat flux, 294
semi-infinite geometry, infinite &,
302
semi-infinite geometry, finite 4,
303
temperature, 292, 293
cylindrical, heat flux, 298
temperature, 296, 297
spherical, heat flux, 301
temperature, 299, 300
use of, 290
Circuit law, Ampere’s, 17
Coefficient of heat transfer, 50
overall, 105
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cartesian, 107
composite structures, 107
cartesian, 108
cylindrical, 108
spherical, 108
cylindrical, 107
spherical, 107
Complex functions, elementary, 375
single- and multiple-valued, 375
Complex line integral, 378
Complex temperature, method of, 324
Complex variable, argument of a, 374
conjugate of a, 374
functions of a, 374
modulus of a, 374
Concepts, definition of, 17, 18
Condition, initial, 46
Conditions, boundary, see Boundary
conditions
Conduction, 9
equation of, 44
for heterogeneous continua,
anisotropic, 45
isotropic, 44
for homogeneous continua,
anisotropic, 45
isotropic, 44
Fourier’s law of, 17, 37
for heterogenous continua,
anisotropie, 40
isotropie, 38
for homogeneous continua,
isotropic, 37
Conductive resistance, 104
Conductivity, thermal, 37
variable, 129
Conservation laws, for control volume,
see General laws
Continuum, definition of, 18
description of, Eulerian, 18
Lagrangian, 18
(field) theory formulations,
approximation in, 316, 505
Continuum approach, 3
versus molecular approach, 9
Control volume, definition of, 18
general laws for, see General laws
Convection, 9
boundary condition, 50
Convective derivative, 33
Convective resistance, 104
Convolution integral, 341

relation between Duhamel’s integral
and, 342

Coordinate axes, selection of, 214
Coulomb’s law, 525, 526

Critical radius, 120

Current law, Kirchhoff’s, 526
Cycle, definition of, 18

Degree of irreversibility, 26
Depth, penetration, 76, 78, 159, 474
Derivative, convective, 33

following motion, 33
material, 33
substantial, 33

Difference formulation, 483

backward and forward differences, 514
cylindrical, 490
errors in, round-off, 504
truncation, 488
explicit, 514
implicit, 514
irregular boundaries, 492
network of, 484
finer, graded, hexagonal, and
triangular, 489
nodal points of, 484
relation between differential and, 486
spherical, 490
steady, 483
unsteady, 503
stability of, 503
unconditional, 514

Difference solution, graphical

(Binder-Schmidt) method, 483,
508, 515 ‘
numerical (step-by-step) method, 483,

508, 515 ‘ .
relaxation method, 493

basic rule of, 494

modifications of (block, group,
overrelaxations), 496

residuals of, 494

tables of (relaxation and operation),
494 '

Differential control volume, general laws

for, see General laws, for
differential control volume

Differential-difference formulation, 524

amplitude and scale factors of, 540
circuit elements, active, 529
high-gain pc amplifier, 529
passive, 527
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stability of, 540
units of, 540
Differential-difference solution (analog),
524
Differential formulation of general laws,
see General laws, formulation of
Diffusion, 9
Diffusivity, thermal, 44
Duhamel’s superposition integral, 307
relation between convolution integral
and, 342

Eigenfunctions, 182
Eigenvalue problems, 182
Eigenvalues, 182
Elasticity law, Hooke’s, 4, 17
Electric charge, conservation of, 17, 524
Electricity law, Ohm’s, 17, 104, 525
Energy, total, 23
chemical, kinetic, nuclear, potential,
thermal (internal), 23
conservation of, for differential control
volume, see General laws, for
differential control volume
Energy generation, 24 31, 33
Enthalpy, stagnation, 25, 31
Entropy, conservation of, see General
laws, formulation of
Entropy generation, 26, 31, 36
Equality of temperature, definition of, 19
Equation, Bessel, 132, 134
Cauchy, 138
equidimensional, 132, 138
Euler, 138
of variational formulation, 437, 457,
473
Legendre, 240
Equidimensional equation, 132, 138
Euler equation, 138
Eulerian description of continuum, 18
Even functions, 187
Extended surfaces (fins, pins, or spines),
144
constant cross section, 146
efficiency of, 148
solution of, general, 138
approximate, 156
higher-order, 161

Faraday’s law of induction, 17
Field (continuum) theory formulations,
approximation in, 316, 505
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First law of thermodynamics, see General
laws
Force law (electromagnetic), Lorentz’s, 17
Formulation and solution, further
methods of, 433
Formulation, five basie steps of, 61
methods of, 59
of general laws, see General laws,
formulation of
Fourier-Bessel integral, 371
Fourier-Bessel series, 230
Fourier integral, 365
complete, 370
complex, 370
cosine, 369
sine, 368
Fourier-Legendre series, 240, 244
Fourier series, 186
complete, 192
cosine, 190
double, 250, 290
sine, 187
Fourier transform, 371
Fourier’s law of conduction, 17, 37
for heterogeneous continua, anisotropie,
40
isotropic, 38
for homogeneous continua, isotropie, 37
Funections, Bessel, see Bessel functions
even, 187
Gamma, 134
Graetz, of first and second kinds, of
order zero, 205
Hankel, of first and second kinds, of
order », 140
Legendre, 240
odd, 187
of a complex variable, 374
single- and multiple-valued, 375
piecewise, continuous, 337
differentiable, 186
Further methods of formulation and
solution, 433

Gamma functions, 134
General laws, definition of, 7, 17
for differential control volume,
conservation of entropy, 36
conservation of mass, 32
conservation of mechanical energy,
34

conservation of thermal energy, 34, 35
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conservation of total energy, 34
first law of thermodynamics, 34
second law of thermodynamics, 35
for integral control volume,
conservation of entropy, 32
conservation of mass, 29
first law of thermodynamics, 31
second law of thermodynamics, 31
for lumped control volume,
conservation of entropy, 26
conservation of mass, 23
first law of thermodynamics, 25
second law of thermodynamics, 26
formulation of, differential,
conservation of mass, 32
first law of thermodynamics, 33
second law of thermodynamics, 35
integral, conservation of mass, 29
first law of thermodynamics, 29
second law of thermodynamies, 31
lumped, conservation of mass, 22
first law of thermodynamics, 23
second law of thermodynamics, 26
statement of, 19
distributed (integral, differential,
variational, difference), 19
lumped, 19
Graphical (Binder-Schmidt) method, 483,
508, 515

Hankel functions of first and second
kinds, of order », 140
Heat, definition of, 19
flow, 30
flux, 30
Heat transfer, coeflicient of, 50
overall, 105
cartesian, 107
cylindrical, 107
spherical, 107
composite structures, 107
overall coefficient of, 107
cartesian, 108
cylindrical, 108
spherical, 108
continuum, 3
foundations of, 3
continuum, 10
modes of, 9
place of, 3
Heterogeneous continua, 38
equation of conduction for, anisotropic,
45

INDEX

isotropic, 44
Fourier’s law of conduction for,
anisotropic, 40
isotropic, 38
High-gain pc¢ amplifier, 529
characteristics of, 530
functions of, 530
adder, 531
integrator, 532
multiplier, 530
sign changer, 530
Homogeneous boundary conditions and
differential equations, definitions
of, 126
Homogeneous continua, 38
equation of conduction for, anisotropie,
45
isotropie, 44
Fourier’s law of conduction for,
isotropie, 37
Hooke’s law of elasticity, 4, 17

Ideal gas law, 8, 17
Implicit difference formulation, 514
Induction law, Faraday’s, 17
Initial condition, 46
Initial-value problems, 180
Integral, complex line, 378
Integral control volume, general laws for,
see General laws, for integral
control volume
Integral formula, Cauchy’s, 382, 383
Integral formulation of general laws, see
General laws, formulation of,
integral
Integral theorem, Cauchy’s, 378, 380
Inversion, table of, 344
Inversion theorem, 339, 372, 373
Contour I for, 386
Contour II for, 388
solutions by, 390
Irregular boundaries, 492
Irreversibility, degree of, 26
Isotropy, 38

Kantorovich method, 460
approximate solutions by, see
Solutions, steady two-dimensional
and unsteady
extended, 466
Kantorovich profiles, selection of, 469, 473
Kirchhoff transformation, 130
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Kirchhoff’s current law, 526
Kirchhoff’s method, 129

Lagrangian description of continuum, 18
Laplace transforms, definition of, 337
inversion table of, 344
inversion theorem for, 339, 372, 373
Contour I of, 386
Contour II of, 388
properties of, 339
table of, 343
solutions, by expansion for large
argument, 418
by expansion for small argument, 413
by inversion theorem, 390
periodic, 421
by tables, 343
Legendre equation, 240
Legendre function, 240
Legendre polynomial, 240
of degree n, of first and second kinds,
241
order m, of first and second kinds,
associated, 242
Leibnitz’s integral formula, 94
Line integral, of analytic functions, 378
Loading error, of passive circuit elements,
528
Lost work, 26
Lorentz’s (electromagnetic) force law, 17
Lumped control volume, general laws for,
see General laws, for lumped
control volume
Lumped formulation of general laws, see
General laws, formulation of,
lumped

Material derivative, 33
Mechanical energy, conservation of, for
differential control volume, 34
Method, analog, 524
graphical (Binder-Schmidt), 483, 508,
515
Kantorovich, steady two-dimensional,
460
unsteady, 473
Kirchhoff’s, 129
Laplace transforms, 336
numerical (step-by-step), 483, 508, 515
of complex temperature, 324
relaxation, 493
Ritz, steady one-dimensional, 444
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steady two-dimensional, 458
separation of variables, steady, 180
unsteady, 270
Methods of formulation, 59
and solution, further, 433
Modified Bessel functions of first and
second kinds, of order », 136
Modulus, Biot, 53, 207
Fourier, 294
Graetz, 204
Nusselt, 207
Péclet, 117, 212
Molecular approach, 3
Multidimensional unsteady problems
expressible in terms of
one-dimensional unsteady
problems, 290
condition for, 301

Natural boundary conditions of
variational caleulus, 440, 456

Natural laws, statement of, 17

Network of difference formulation, 484

Newton’s second law of motion, 17

Newton’s viscosity law, 17

Nodal points of difference formulation,
484

Nonhomogeneity for separation of
variables, 126

Nusselt modulus, 207

0Odd functions, 187
Ohm’s law of electricity, 17
One-dimensional charts, use of, 290
heat flux, cartesian, 294
cylindrical, 298
spherical, 301
temperature, cartesian, 292, 293
semi-infinite geometry, infinite &,
302
semi-infinite geometry, finite 2, 303
cylindrical, 296, 297
spherical, 299, 300
Orthogonal functions, 183
expansion of arbitrary functions in a
series of, 185
Orthogonality of characteristic functions,
183
Overall coefficient of heat transfer, 105
cartesian, 107
composite structure, 107
cartesian, 108
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cylindrical, 108

spherical, 108
cylindrical, 107
spherical, 107

Particular laws, definition of, 7, 17
statement of, 37
Coulomb’s law, 525, 526
Fourier’s law, 37
Ohm’s law, 525, 526
Stefan-Boltzmann’s law, 41
Passive circuit elements, 527
loading error of, 528
Pécldt modulus, 117, 212
Penetration depth, 76, 78, 159, 474
Piecewise continuous functions, 337
Piecewise differentiable functions, 187
Poles of analytic functions, 378
Polynomial, Legendre, 240
of degree n, of first and second kinds,
241
order m, of first and second kinds,
associated, 242
Power (rate of work), 23, 24, 29, 30
Power series, 132
Principle of superposition, 126, 218
Process, definition of, 18
Problem, Graetz, 203
Problems, boundary-value, 180
characteristic-value, 180
eigenvalue, 180
mechanically determined or
undetermined, 7, 17
thermodynamically determined or
undetermined, 7, 17
Profiles, Ritz, steady one-dimensional, 450
steady two-dimensional, 469
Kantorovich, steady two-dimensional,
469
unsteady, 473
Property, definition of, 18

Radiation, 9
Radiation law, Stefan-Boltzmann’s, 17,
37, 41
Radius, critical, 120
Relaxation, block, 496
group, 496
method, basic rule of, 494
modifications of, 496
operation table of, 494
relaxation table of, 494
residuals of, 494
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solutions by, 493
overrelaxation, 496
Residue theorem, Cauchy’s, 384, 385
Resistance, conductive, 104
Reynolds’ transport theorem
(transformation formula), 20
for differential formulation, 33
for integral formulation, 28
for lumped formulation, 22
Ritz method, steady one-dimensional, 444
steady two-dimensional, 458
Ritz profiles, steady one-dimensional, 450
steady two-dimensional, 469
Round-off error, of difference formulation,
504

Second law, of motion, Newton’s, 17
of thermodynamics, 17
for control volume, see General laws
formulation of, see General laws,
formulation of
Selection of coordinate axes, 214, 217
Separation parameter, 194
Separation of variables, 180
nonhomogeneity, 217
steady two-dimensional problems,
cartesian, 193
cylindrical, of type 6(r, @), 224
of type 8(r, 2), 230
spherical, 240
steady three-dimensional problems,
248
two conditions for use of, 194
unsteady problems, 270
disturbance, stepwise, 273
time-dependent, 307
one-dimensional charts for
multidimensional, 290
conditions for use of, 301
two forms of superposition for,
Oz, ) = Y(z, t) + ¢(z) and
0z, ) = ¥z, 1) + d(z) + ¢O),
279
Series, Fourier, 186
complete, 192
cosine, 190
double, 250, 290
sine, 187
Fourier-Bessel, 230
Fourier-Legendre, 240, 244
power, 132
Taylor, 383, 384
Singularities of analytic functions, 376
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branch points, 376
poles, 378
Solution, steady, one-dimensional
problems, ordinary differential
equations, 110
extended surfaces, ordinary
differential equations, 147
Ritz-Integral, first-order, 156, 165
Ritz-Integral, second-order, 163
Ritz-Variational, first-order, 445,
449
Ritz-Variational second-order, 446,
449
two-dimensional problems,
Kantorovich-Integral,
first-order, 69
Kantorovich-Integral,
second-order, 222
Kantorovich-Variational,
first-order, 461
Kantorovich-Variational,
second-order, 462
relaxation method, 493
Ritz-Integral, first-order, 68
Ritz-Integral, second-order, 221
Ritz-Variational, first-order, 459
Ritz-Variational, second-order, 459
separation of variables, 194
three-dimensional problems,
separation of variables, 248
unsteady, one-dimensional problems
with stepwise disturbances,
analog, 533
graphical, 508, 515
Kantorovich-Integral, first-order,
74, 79, 82, 159, 161, 359
Kantorovich-Variational,
first-order, 474, 475
Kantorovich-Variational,
second-order, 476
Laplace transforms, by expansion
for large argument, 418
Laplace transforms, by expansion
for small argument, 413
Laplace transforms, by inversion,
390
Laplace transforms, by tables,
343
numerical, 515
separation of variables, 273
one-dimensional problems with
time-dependent disturbances,
Duhamel’s superposition
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integral, 307
Laplace transforms, 399
one-dimensional problems with
steady periodic disturbances,
complex temperature, 324
Laplace transforms, 343, 421, 422
one-dimensional problems with
unsteady periodic disturbances,
Duhamel’s superposition
integral, 307
Laplace transforms, 343, 421, 422
two-dimensional problems, Laplace
transforms, 409
separation of variables, 288
Specific heat, constant pressure, 35
constant volume, 34
Spherical problems, &(r, t) = ¥(r, )/r
transformation of, 286
State, definition of, 18
Steady problems, see Solution, steady
problems
Stefan-Boltzmann, constant, 43
law of radiation, 17, 37, 41
Substantial derivative, 33
Superposition integral, Duhamel’s, 307
Superposition principle, 126, 218
System, definition of, 18

Table, 2-1 property B, mass- or

volume-dependent, 21

2-2 heat transfer coefficient, range of,
51

3-1 extended surfaces, general solution
of, 138

3-2 insulated finite fin, comparison of
exact and first-order Integral-Ritz
temperatures, tip, 158

3-3 comparison of heat losses from
problem of Table 3-2, 158

3-4 comparison of exact, and first- and
second-order Integral-Ritz heat
losses from problem of Table 3-2,
164

7—-1 properties of Laplace transforms,
343

7-2 inversion of Laplace transforms,
344

8-1 comparison of exact heat loss with
first- and second-order Integral-
and Variational-Ritz heat losses
from problem of Table 3-2, 448
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8-2 thin disks in relative motion,
comparison of first- and
second-order Variational-Ritz
temperatures, centerline, 450

§-3 two-dimensional heater,
comparison of exact temperature
with first-order Integral and
Variational (Ritz and
Kantorovich) temperatures,
center, 465

operation, of relaxation method, 494

relaxation, 494

Taylor series of analytic functions, 383,
384
Temperature, definition of equality of, 19
method of complex, 324
Thermal conductivity, 37
variable, 129
Thermal diffusivity, 44
Thermal energy, conservation of, for
differential control volume, 34, 35
Three-dimensional problems, steady, 248
Time-dependent boundary conditions, 307
Total energy, conservation of, for
differential control volume, 34
Transformation, Kirchhoff, 130
8(r, t) = Y(r, t)/, for spherical
problems 286
Transformation formula, see Reynolds’
transport theorem
Transforms, Fourier, 371
Laplace, 336
Transport theorem, Reynolds’, see
Reynolds’ transport theorem

INDEX

Truncation error, 488
Two-dimensional problems, steady, see
Solution, steady, two-dimensional
problems
unsteady, see Solution, unsteady,
two-dimensional problems

Unsteady problems, see Solution,
unsteady

Variable, complex, see Complex variable
Variable thermal conductivity, 129
Variational calculus, 435
basic problem of, 435
Euler’s equation of, 437
formulation, 435
functionals of, 436
Kantorovich method, see Kantorovich
method
Kantorovich profiles, see Kantorovich
profiles
meaning and rules of, 438
natural boundary conditions, 440, 456
Ritz method, see Ritz method
Ritz profiles, see Ritz profiles
Viscosity law, Newton’s, 6, 17

Weighting function, 183
Weighting number, 183
Work, definition of, 18

lost, 26

rate of (power), 23, 24, 29, 30
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